
Introduction to Quantum Computing
Lecture 11: Quantum Error Correction

Petros Wallden

School of Informatics, University of Edinburgh

25th October 2018
T
H
E

U
N I V E

R
S

I
T
Y

O
F

E
D

I N B
U

R
G

H

Petros Wallden Lecture 11: Quantum Error Correction



Error Correction: General

Information processing is affected by random errors
(e.g. caused by noise)

To address this:

1 Use truly noiseless systems (impossible currently for quantum
information)

2 Protect and correct using error-correction (topic of this
lecture)
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Error Correction: Classical Error Correction

Only possible error: bit flip 0→ 1 and 1→ 0

If bit flips occur with same prob: binary symmetric

Notation: Prob for flipping p and for not flipping (1− p)

Classical error correction: (repetition code)

1 Encode: Map single bits to multiple bits. E.g. 0→ 000 and
1→ 111

2 “Cross” error channel (e.g. binary symmetric)
3 Error detection: Check if all bits have same value
4 Error-correction: Take majority vote and read-out

“corrected” value
e.g. the strings {000, 100, 010, 001} are all interpreted as 0
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Error Correction: Classical Error Correction

We call the string 000 as the logical 0L and 111 := 1L

We assume that prob of flip p < 1/2

For binary symmetric channel with p single bit flip probability,
after the 3-bits repetition code we get an error only if at least
two flips occurred:

pe = 3p2(1− p) + p3 = 3p2 − 2p3 < p if p < 1/2

This is better than the no-error-correction case, where error
occurs with probability p > pe

Error-corrections succeeds with some probability (not always)
which depends on the channel (symmetric, value of p, etc)

If channel is not too noisy, it can be made as close to unity
as we wish with more repetitions.
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Quantum Error Correction: Why is necessary

Quantum systems are very susceptible to errors due to noise
(and other imperfections)

Quantum information cannot be stored for long without
degrading (and errors being caused)

Communicating quantum information (between parties but
also within processors) leads to further errors

The quantum computation speed-up, in most cases, are
completely cancelled even in the presence of little noise

For computing with quantum information, it is essential to
have a mechanism to protect from errors
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Quantum Error Correction: Why is hard

Extra difficulties for Quantum Error Correction:

1 No cloning: We cannot copy unknown quantum states
(necessary for the repetition code)

2 Errors are continuous: There are infinite different types of
errors (c.f. bit flips for classical). Any unitary operation
corresponds to a different type of quantum error

3 Measurement destroys quantum information: In classical
codes, for error-detection/error-correction we measure the bits
to deduce the logical bit. In quantum case, if we measure the
qubit we disturb the system and the quantum information is
lost

Despite all this, quantum error correction is still possible!
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QECC: The General Steps

Setting: A channel that causes errors within a set {Ei}i (and
their linear combinations – see later)

1 Encode (code words): Single (physical) qubits are mapped to
multiple (logical) qubits. With |0〉L , |1〉L and linearity can
obtain any qubit encoding. Give the circuit corresponding to
the encoding

2 “Corss” error channel. Causes a quantum error (unitary) from
the set of allowed (correctable) errors

3 Error Detection (syndrome diagnosis): A non-destructive
measurement is done and detects the type of error (from
allowed) without destroying the quantum information.

4 Error Correction (recovery): According to the diagnosis, an
operation is performed that “cancels” the error and recovers
the (unknown) encoded state.
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QECC: The Qubit Flip Code

Setting: A channel where with probability 1− p does nothing
I |ψ〉 and with probability p it flips the qubit X |ψ〉. The code
corrects the state if at most one error occurs on the three
qubits, i.e. allowed errors {Ei}i :
{X ⊗ I ⊗ I , I ⊗ X ⊗ I , I ⊗ I ⊗ X , I ⊗ I ⊗ I}.

1 Encode: Uses three physical qubits for one logical qubit.
|0〉 → |0〉L := |000〉 ; |1〉 → |1〉L := |111〉
Generally: |ψ〉 = a |0〉+ b |1〉 → |ψ〉L := a |000〉+ b |111〉

|ψ〉 • •

|0〉 X

|0〉 X

2 Channel crossing (errors from the set above or any linear
combination – see later and next lecture)
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QECC: The Qubit Flip Code

3 Error detection: Perform a projective measurement that
gives the type of error (if any) but does not alter the state of
the qubit if one of the allowed (single) errors happened.
There are 4 projectors (each 2-dim) such that

∑3
i=0 Pi = 1:

P0 = |000〉 〈000|+ |111〉 〈111| no error
P1 = |100〉 〈100|+ |011〉 〈011| bit flip on first qubit
P2 = |010〉 〈010|+ |101〉 〈101| bit flip on second qubit
P3 = |001〉 〈001|+ |110〉 〈110| bit flip on third qubit

Notes:

The state (unknown coefficients a, b) is not altered.
If no error: P0(a |000〉+ b |111〉) = (a |000〉+ b |111〉) and
P1(a |000〉+ b |111〉) = 0, etc
If flip on first qubit: P1(a |100〉+ b |011〉) = (a |100〉+ b |011〉)
and P0(a |100〉+ b |011〉) = 0, etc
Can implement this measurement using parity measurements,
i.e. checking the parity of qubit1-qubit2 and then
qubit2-qubit3 (see next)
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QECC: The Qubit Flip Code

4 Error correction: Depending on the error detection outcome
we can correct the error by applying a unitary and recover the
(encoded) state sent.
Example: If the outcome was P1, we apply
X ⊗ 1⊗ 1(a |100〉+ b |011〉) = a |000〉+ b |111〉 = a |0〉L + b |1〉L

We can apply the inverse of the encoding to recover the
(single qubit) state that we sent

This procedure recovers the correct state, if there was at most
one qubit corrupted.

As in the classical case, if the channel flips a single qubit with
p < 1/2, this QECC improves the probability of obtaining the
correct result

Quantum channels with particular errors affect input states
differently. E.g. the state 1√

2
(|0〉+ |1〉) remains invariant

from the action of a bit-flip channel
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QECC: The Qubit Flip Code

Appendix: Measuring the parity of two qubits
(measuring Z ⊗ Z )

We want to compare the parity of two qubits |a〉 , |b〉 and we
use an ancilla |0〉.

|a〉 •
|b〉 •

|0〉 X X

Before the measurement we have: |a〉 |b〉 |a⊕ b〉. Measuring
the ancilla in the computational basis, we obtain the parity
p = a⊕ b

If the input state was a general state
∑

a,b ca,b |a〉 |b〉, then
before the measurement we get:

∑
a,b ca,b |a〉 |b〉 |a⊕ b〉

Measuring the parity p, collapses the state to a fixed parity
state:

∑
a ca,a⊕p |a〉 |a⊕ p〉 |p〉
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QECC: The Qubit Phase Flip Code

Setting: A channel where with probability 1− p does nothing
I |ψ〉 and with probability p it flips the phase of the qubit
Z |ψ〉 = a |0〉 − b |1〉. The code corrects the state if at most
one error occurs on the three qubits, i.e. allowed errors {Ei}i :
{Z ⊗ I ⊗ I , I ⊗ Z ⊗ I , I ⊗ I ⊗ Z , I ⊗ I ⊗ I}.

1 Encode: Uses three physical qubits for one logical qubit.
|0〉 → |0〉L := |+ + +〉 ; |1〉 → |1〉L := |− − −〉
Generally:
|ψ〉 = a |0〉+ b |1〉 → |ψ〉L := a |+ + +〉+ b |− − −〉

|ψ〉 • • H

|0〉 X H

|0〉 X H

2 Channel crossing (errors from the set above or any linear
combination – see later and next lecture)
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QECC: The Qubit Phase Flip Code

3 Error detection: Perform a projective measurement given by
4 projectors (each 2-dim) such that

∑3
i=0 Pi = 1:

P0 = |+ + +〉 〈+ + +|+ |− − −〉 〈− − −| no error
P1 = |−+ +〉 〈−+ +|+ |+−−〉 〈+−−| phase flip on first qubit
P2 = |+−+〉 〈+−+|+ |−+−〉 〈−+−| phase flip on second qubit
P3 = |+ +−〉 〈+ +−|+ |− −+〉 〈− −+| phase flip on third qubit

4 Error correction: Depending on the error detection outcome
we can correct the error by applying a unitary and recover the
(encoded) state sent.
Example: If the outcome was P1, we apply
Z ⊗ 1⊗ 1(a |−+ +〉+ b |+−−〉) = a |+ + +〉+ b |− − −〉 = a |0〉L + b |1〉L
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QECC: Correcting All Single Errors (Shor’s Code)

First code that can correct all single qubit errors
Others exist that require fewer qubits
It is a combination of bit flip and phase flip codes

Setting: A channel where with probability p a single error
(e.g. flip or phase) occurs. The code corrects the state if at
most one error occurs (i.e. p needs to be sufficiently small).
Errors corrected:
{X ⊗ I ⊗ I ,Z ⊗ I ⊗ I ,XZ ⊗ I ⊗ I , I ⊗ X ⊗ I , · · · , I ⊗ I ⊗ I}

1 Encode: Uses nine physical qubits for one logical qubit.
First encode the qubit using phase-flip code:
|0〉 → |+ + +〉 , |1〉 → |− −−〉
Then each of those qubits are encoded with bit-flip code:
|+〉 → (|000〉+ |111〉)/

√
2 and |−〉 → (|000〉 − |111〉)/

√
2

Overall:
|0〉 → |0〉L →

(|000〉+|111〉)(|000〉+|111〉)(|000〉+|111〉)
2
√
2

|1〉 → |1〉L →
(|000〉−|111〉)(|000〉−|111〉)(|000〉−|111〉)

2
√
2
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It is a combination of bit flip and phase flip codes

Setting: A channel where with probability p a single error
(e.g. flip or phase) occurs. The code corrects the state if at
most one error occurs (i.e. p needs to be sufficiently small).
Errors corrected:
{X ⊗ I ⊗ I ,Z ⊗ I ⊗ I ,XZ ⊗ I ⊗ I , I ⊗ X ⊗ I , · · · , I ⊗ I ⊗ I}

1 Encode: Uses nine physical qubits for one logical qubit.
First encode the qubit using phase-flip code:
|0〉 → |+ + +〉 , |1〉 → |− −−〉
Then each of those qubits are encoded with bit-flip code:
|+〉 → (|000〉+ |111〉)/

√
2 and |−〉 → (|000〉 − |111〉)/

√
2

Overall:
|0〉 → |0〉L →

(|000〉+|111〉)(|000〉+|111〉)(|000〉+|111〉)
2
√
2

|1〉 → |1〉L →
(|000〉−|111〉)(|000〉−|111〉)(|000〉−|111〉)

2
√
2
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QECC: Correcting All Single Errors (Shor’s Code)

The circuit (in dotted lines one of the bit-flip codes):

|ψ〉 • • H • •

|0〉 X

|0〉 X

|0〉 X H • •

|0〉 X

|0〉 X

|0〉 X H • •

|0〉 X

|0〉 X

2 Channel crossing (errors from the set or linear combinations)
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QECC: Correcting All Single Errors (Shor’s Code)

3 Error Detection:
First we compare the parity of the first two qubits (Z1Z2) and
then the second and third (Z2Z3). This detects if there was a
bit flip at one of the three first qubits.
We repeat for the second and third group of three-qubits
(detecting any single bit flip).
Finally, we treat the group of three qubits as one, and we do
the error-detection measurement for the phase flip (comparing
‘Hadamard parities”).
E.g. if a phase-flip occurred at the first qubit
(|000〉+ |111〉)→ (|000〉 − |111〉) but the second and third
blocks of qubits are still unaltered, so overall we have
(|000〉 − |111〉)(|000〉+ |111〉)(|000〉+ |111〉)

The same qubit could have both bit and phase flips.
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QECC: Correcting All Single Errors (Shor’s Code)

4 Error-Correction: Depending on the error-detection
outcome, we identify which bit (if any) is corrupted and the
type of error (bit flip, phase flip or both). We then correct it
by applying at the corrupted qubit X ,Z or XZ .

Shor’s code corrects any error if it corrupts a single qubit

Any error acting on a single qubit can be written as:

Ei = ei01 + ei1X + ei2Z + ei3XZ

Therefore:

Ei |ψ〉 = ei0 |ψ〉+ ei1X |ψ〉+ ei2Z |ψ〉+ ei3XZ |ψ〉
The error-detection measurement collapses the state randomly to
one of |ψ〉 ,X |ψ〉 ,Z |ψ〉 ,XZ |ψ〉, which can be corrected with the
appropriate recovery procedure.
Note: For this to work we need the errors from our set
{I ,X ,Z ,XZ} to map any logical state to orthogonal states
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