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Stabiliser Formalism: Motivation

@ It is an alternative way to describe quantum states and
operations

@ Very powerful to understand which parts of a quantum
computation are hard and which are easy

@ Can be used for “efficient” classical simulation of quantum
circuits (still in general with exponential cost)

@ QECC class called stabiliser codes which is analogues to
classical linear codes

@ Important examples include all QECC we have seen
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Stabiliser Formalism: General

Definition: An operator A stabilises a state [¢) iff A|y) = |¢)
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Stabiliser Formalism: General

Definition: An operator A stabilises a state [¢) iff A|y) = |¢)

l.e. the operator leave the state invariant, or else the state |v)
is a +1 eigenvector of the operator A
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Stabiliser Formalism: General

Definition: An operator A stabilises a state [¢) iff A|y) = |¢)

l.e. the operator leave the state invariant, or else the state |v)
is a +1 eigenvector of the operator A

@ A subspace S is stabilised by an operator A if
VI ES, Al = )
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Stabiliser Formalism: General

Definition: An operator A stabilises a state |) iff A|¢)) = [v)
l.e. the operator leave the state invariant, or else the state |v)
is a +1 eigenvector of the operator A

@ A subspace S is stabilised by an operator A if
VI eS, Alv) =10)

@ A state (or subspace) can be stabilised from a collection of
operators {A1, Az, -+ } in a way that the state (subspace) is
uniquely determined
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Stabiliser Formalism: General

Definition: An operator A stabilises a state [¢) iff A|y) = |¢)
l.e. the operator leave the state invariant, or else the state |v)
is a +1 eigenvector of the operator A

@ A subspace S is stabilised by an operator A if
V) eS, Al =|v)

@ A state (or subspace) can be stabilised from a collection of
operators {A1, Az, -+ } in a way that the state (subspace) is
uniquely determined
Example: The state [®) = ‘00>\+[2|11> is stabilised by the
operators { X1 X, Z1Z»}, and is uniquely determined
X1 X2 |0F) = 2125 |0F) = |oF)
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Stabiliser Formalism: General

Definition: An operator A stabilises a state [¢) iff A|y) = |¢)
l.e. the operator leave the state invariant, or else the state |v)
is a +1 eigenvector of the operator A

@ A subspace S is stabilised by an operator A if
V) eS, Alp) =lv)

@ A state (or subspace) can be stabilised from a collection of
operators {A1, Az, -+ } in a way that the state (subspace) is
uniquely determined
Example: The state [®) = ‘00>\+[2|11> is stabilised by the
operators { X1 X, Z1Z»}, and is uniquely determined
X1 X2 |0%) = 212, |0%) = |o7)

Exercise: Take a general [¢)) = 5, aj |ij), impose the
condition above and show that the resulting state is &)
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Group Theory

Definition: A group is a collection of elements

G ={e1, - ,en} (in general n can be infinite), along with an
operation “" called group law (in our case matrix
multiplication) with the following properties:

Closure: ¢; - e; = ¢, for some k

Associativity: e; - (¢ - e) = (e - €) - ex

©00

Identity element: Exist element ¢y such that
€€ = e e = ¢ for all ¢
@ Inverse: For each element ¢; there exists element efl such

~1 —1
that eje; ~ = e " = e
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The Pauli Group

Definition: The Pauli Group for one qubit is defined as
Elements: Gy := {+1,+/1, £ X, £iX,+Y, /Y, +7,+i7}
Group operation: matrix multiplication
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The Pauli Group

Definition: The Pauli Group for one qubit is defined as
Elements: Gy := {+1,+/1, £ X, £iX,+Y, /Y, +7,+i7}
Group operation: matrix multiplication

Q: Check that it is a group

Petros Wallden Lecture 13: The Stabiliser Formalism



The Pauli Group

Definition: The Pauli Group for one qubit is defined as
Elements: Gy := {+1,+/1, £ X, £iX,+Y, /Y, +7,+i7}
Group operation: matrix multiplication

Q: Check that it is a group

Definition: The general n-qubit Pauli group G, consists of all
n-fold tensor products of Pauli matrices, again with the
factors +1, +/

E.g. elements of the 2-qubit Pauli group include

X1® X5,iX10 2>, —1® Y5 etc
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The stabiliser of a subspace

Preliminaries:

@ A subgroup S of a group G is a subset that forms a group
(closed and contains the identity)

e The generator of a group G is a subset Gen = {g1, - ,gm}
such that every element in G can be expressed as product of
elements Gen. We then denote the group G = (g1, , g))

@ Two operators A1, A> commute if
[Al7 A2] = A1A2 - A2A1 =0

@ Two operators A;, A> anti-commute if
{Al, A2} = A1A+AA1 =0
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The stabiliser of a subspace

@ Definition: Given a subgroup S of G, we define Vs to be the
subspace of n-qubit states that are stabilised by every element
of S, ie.:

V [) e Vs, S €S, Sil) =
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The stabiliser of a subspace

@ Definition: Given a subgroup S of G, we define Vs to be the
subspace of n-qubit states that are stabilised by every element

of S, i.e.

V [) e Vs, S €S, Sil) =
We call S the stabiliser of Vs (and Vs is stabilised by S)
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The stabiliser of a subspace

@ Definition: Given a subgroup S of G, we define Vs to be the
subspace of n-qubit states that are stabilised by every element

of S, i.e.
V |p) e Vs, 5 €S, Silv) =)

We call S the stabiliser of Vs (and Vs is stabilised by S)
@ A vector is stabilised by G iff it is stabilised by the generators
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The stabiliser of a subspace

@ Definition: Given a subgroup S of G, we define Vs to be the
subspace of n-qubit states that are stabilised by every element
of S, ie.:

V|y) € Vs, SieS, Sily)=[v)
We call S the stabiliser of Vs (and Vs is stabilised by S)

@ A vector is stabilised by G iff it is stabilised by the generators

(] Example: Let S = {/1/2/3,2122/3, 112223,211223} (We will
drop the / when unambiguous). The space stabilised is:
Vs = span({|000), |111)})
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The stabiliser of a subspace

@ Definition: Given a subgroup S of G, we define Vs to be the
subspace of n-qubit states that are stabilised by every element
of S, ie.:

V [Y) e Vs, SieS, Silv) =)
We call S the stabiliser of Vs (and Vs is stabilised by S)
@ A vector is stabilised by G iff it is stabilised by the generators

(] Example: Let S = {/1/2/3,2122/3, 112223,211223} (We will
drop the / when unambiguous). The space stabilised is:
Vs = span({|000), |111)})

Generators: S = (717>, 7> 73)

7,2,(a|000) + b|111)) = Z,Z5(a|000) + b |111)) = (a|000) + b|111))
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The stabiliser of a subspace

@ Definition: Given a subgroup S of G, we define Vs to be the
subspace of n-qubit states that are stabilised by every element
of S, ie.:

V|y) € Vs, SieS, Sily)=[v)
We call S the stabiliser of Vs (and Vs is stabilised by S)

@ A vector is stabilised by G iff it is stabilised by the generators

(] Example: Let S = {/1/2/3,2122/3, 112223,211223} (We will
drop the / when unambiguous). The space stabilised is:
Vs = span({|000), |111)})

Generators: S = (717>, 7> 73)

7,2,(a|000) + b|111)) = Z,Z5(a|000) + b |111)) = (a|000) + b|111))

@ The subspace stabilised is the code space of the bit-flip QECC
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The stabiliser of a subspace

For a subgroup S of the G, (n-qubit Pauli group) to stabilise
an non-trivial vector space Vs, two conditions must be
satisfied:

@ 1¢S5

@ All elements of S should commute:

VS,',SJ'GS FET [5,-,51']:0

Check that this is the case for the examples given!
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Stabiliser Formalism: Representing Unitary Gates

Question: What is the effect of a unitary U acting on a state
that is stabilised by a (sub)group S?
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Stabiliser Formalism: Representing Unitary Gates

Question: What is the effect of a unitary U acting on a state
that is stabilised by a (sub)group S?

@ Let [¢)) € Vs and g € S, then
Ulw) = Ug lv) = UgU'(U[y))
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Stabiliser Formalism: Representing Unitary Gates

Question: What is the effect of a unitary U acting on a state
that is stabilised by a (sub)group S?

@ Let [¢)) € Vs and g € S, then
Ulw) = Ug lv) = UgU'(U[y))
@ The unitary evolved state U |¢) is stabilised by UgU!

@ The vector space UVs is stabilised by the (sub)group
USUT = {UgU'|g € S}

@ To evaluate the evolution of a stabilser state, it suffices to see
how the generators are affected
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Stabiliser Formalism: Representing Unitary Gates

Definition: Clifford gates are all the unitaries C such that
CPCT = P’, where P, P’ are Pauli matrices

l.e. all matrices that map Pauli matrices to Pauli matrices
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Stabiliser Formalism: Representing Unitary Gates

Definition: Clifford gates are all the unitaries C such that
CPCT = P’, where P, P’ are Pauli matrices

l.e. all matrices that map Pauli matrices to Pauli matrices

@ For example Hadamard H:
HXHT = Z: HYHT = —Y: HZH' = X
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Stabiliser Formalism: Representing Unitary Gates

Definition: Clifford gates are all the unitaries C such that
CPCT = P’, where P, P’ are Pauli matrices

l.e. all matrices that map Pauli matrices to Pauli matrices

@ For example Hadamard H:
HXHT = Z: HYHT = —Y: HZH' = X

Operation Input | Outpur
X] ,X]Xz
controlled-NOT X X
) Z 4
Zg Z]Z,g
X zZ
o z X
& X Y
S 7 7z
X X
X zZ —%
5 X — X
* z —Z
X X
£ Z Z
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Stabiliser Formalism: Representing Unitary Gates

@ Circuits with Clifford gates acting on states stabilised by
S C G, can be described efficiently, requiring only O(n)
resources (unlike general case of 2”7 numbers)
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Stabiliser Formalism: Representing Unitary Gates

@ Circuits with Clifford gates acting on states stabilised by
S C G, can be described efficiently, requiring only O(n)
resources (unlike general case of 2”7 numbers)
Example: The state with stabiliser (71, Z5,--- , Z,) if acted
with Hadamard gates H; ® --- @ H,, it is mapped to the state
stabilised by (X1, Xo, -+, X))
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Stabiliser Formalism: Representing Unitary Gates

@ Circuits with Clifford gates acting on states stabilised by
S C G, can be described efficiently, requiring only O(n)
resources (unlike general case of 2”7 numbers)
Example: The state with stabiliser (71, Z5,--- , Z,) if acted
with Hadamard gates H; ® --- @ H,, it is mapped to the state
stabilised by (X1, Xo, -+, X))

@ Theorem: Any unitary operation mapping elements of G, to
elements of G, (Clifford) can be composed from Hadamard H,

phase gate S = B ﬂ and AX.
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Stabiliser Formalism: Representing Unitary Gates
Gottesman-Knill Theorem

Suppose a quantum computation involving only:

(i) state preparations in the computational basis, (i) H-gates,
(iii) S-gates, (iv) AX-gates, (v) Pauli gates P, (vi) measurements
of Pauli observables and (vii) classical control conditioned on the
outcome of such measurements.

These can be efficiently simulated on a classical computer.
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Stabiliser Formalism: Representing Unitary Gates
Gottesman-Knill Theorem

Suppose a quantum computation involving only:

(i) state preparations in the computational basis, (i) H-gates,
(iii) S-gates, (iv) AX-gates, (v) Pauli gates P, (vi) measurements
of Pauli observables and (vii) classical control conditioned on the
outcome of such measurements.

These can be efficiently simulated on a classical computer.

@ There are quantum gates of different type. Hard quantum
computations need to include such gates (or states).

Example: Rﬁ/4 = {(1) 6;2/4}
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Stabiliser Formalism: Representing Unitary Gates

Gottesman-Knill Theorem

Suppose a quantum computation involving only:

(i) state preparations in the computational basis, (i) H-gates,
(iii) S-gates, (iv) AX-gates, (v) Pauli gates P, (vi) measurements
of Pauli observables and (vii) classical control conditioned on the
outcome of such measurements.

These can be efficiently simulated on a classical computer.

@ There are quantum gates of different type. Hard quantum
computations need to include such gates (or states).

1 0

0 eiﬁ/4

@ Quantum circuits with non-Clifford gates, cannot be efficiently
described within the stabiliser formalism

Example: R, /4 =
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Stabiliser Formalism: Representing Unitary Gates

Gottesman-Knill Theorem

Suppose a quantum computation involving only:

(i) state preparations in the computational basis, (i) H-gates,
(iii) S-gates, (iv) AX-gates, (v) Pauli gates P, (vi) measurements
of Pauli observables and (vii) classical control conditioned on the
outcome of such measurements.

These can be efficiently simulated on a classical computer.

@ There are quantum gates of different type. Hard quantum
computations need to include such gates (or states).

1 0

0 e/

@ Quantum circuits with non-Clifford gates, cannot be efficiently
described within the stabiliser formalism

@ Many important examples involve Clifford gates.
Specifically: Stabiliser QECC (encoding, decoding,
error-detection and recovery) involve only those gates
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QECC: Stabiliser Codes

e First we identify the space spanned by the codewords (logical
qubits) Vs and describe it using its stabiliser S C G,
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QECC: Stabiliser Codes

e First we identify the space spanned by the codewords (logical
qubits) Vs and describe it using its stabiliser S C G,

@ A set of errors is correctable:

Error-Correction Condition

Let {E;} be the set of possible errors. This set of errors is
correctable if for all pairwise products E,-TEJ- it is the case that
either EI.TEJ- belongs to S or anti-commute with at least one
element Sy of S
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QECC: Stabiliser Codes

@ First we identify the space spanned by the codewords (logical
qubits) Vs and describe it using its stabiliser S C G,
@ A set of errors is correctable:

Error-Correction Condition

Let {E;} be the set of possible errors. This set of errors is
correctable if for all pairwise products EI.TEJ- it is the case that
either £/ £; belongs to S or anti-commute with at least one
element S, of S

o If they anti-commute with Sy, then measuring S, distinguishes
perfectly between the two errors £, Ej: (1|, El x E; 1)), =0

Wl Ef < By, = (Wl E x ESklv), = — (], SkE] x E; ),
= —<¢|LE,'T><EJW>L:0
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QECC: Stabiliser Codes

e First we identify the space spanned by the codewords (logical
qubits) Vs and describe it using its stabiliser S C G,

@ A set of errors is correctable:

Error-Correction Condition

Let {E;} be the set of possible errors. This set of errors is
correctable if for all pairwise products E,-TEJ- it is the case that
either EI.TEJ- belongs to S or anti-commute with at least one
element Sy of S

o If they anti-commute with Sy, then measuring Sy distinguishes
perfectly between the two errors E;, Ej: (1|, EI.T x Ejli), =0

o If EITEJ belongs in S, then the effect of £; and E; on
code-words is identical (degenerate code) and the same action
corrects both errors: (1|, E! x Ej i), = (|, |v), =1
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QECC: Stabiliser Codes

@ To detect errors we measure the generators of the stabiliser
@ Obtain a +1 or —1 outcome

@ For each —1 outcome, we find one error that has this
syndrome and apply the suitable correction (see example and
tutorial)
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QECC: Stabiliser Codes

@ To detect errors we measure the generators of the stabiliser
@ Obtain a +1 or —1 outcome

@ For each —1 outcome, we find one error that has this
syndrome and apply the suitable correction (see example and
tutorial)

Example: Shor's code in stabiliser form (generators)

Name Operator

g1 ZZITITITII
[t 122111111
g3 111221111
g4 111122111
gs ITIITIZZI
3 I11rirrizz
g7 XXXXXXITIT1
[ I TTXXXXXX
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QECC: Stabiliser Codes

@ Check that codewords are stabilised by all the generators
0), — (\000>+\111>)(\000>+\111>)(\000)+|111>§/

22
|000)—|111))(]000)—|111))(]000)—|111))

(
‘1>L_> 2\/§
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QECC: Stabiliser Codes

@ Check that codewords are stabilised b}/ all the generators
0), = (1000)+]111))(]000)+|111))(]000)+|111)

22
(]000)—|111))(]000)—|111))(]000)—|111))
‘1>L — 2\/§

@ Check that the set of all single-qubit errors is correctable.
All pairs of single qubit errors anti-commute with at least one
generator (or belong to the stabiliser)
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QECC: Stabiliser Codes

@ Check that codewords are stabilised b}/ all the generators
0), = (1000)+]111))(]000)+|111))(]000)+|111)

22
(]000)—|111))(]000)—|111))(]000)—|111))
‘1>L — 2\/§

@ Check that the set of all single-qubit errors is correctable.
All pairs of single qubit errors anti-commute with at least one
generator (or belong to the stabiliser)

Examples:

@ X; and Y}, anticommutes with gy
{X1Yy, 212} =0
@ Z; and X, anticommutes with g7.
{Z1 X4, X1 X4} =0
© Z; and Z, belongs to the stabiliser (is actually g1)
@ Z; and X; anticommutes with g7 and with gy
{Z1X1, X1} =0={Z1 X1, 21}
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QECC: Stabiliser Codes

@ The error-detection: measure the generators and obtain
syndromes +1
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QECC: Stabiliser Codes

@ The error-detection: measure the generators and obtain
syndromes +1
Example: g; gives outcome —1 (all others +1)
The error affected state (after the measurement) has stabiliser

<7g17g27 T 7g8>
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QECC: Stabiliser Codes

@ The error-detection: measure the generators and obtain
syndromes +1
Example: g; gives outcome —1 (all others +1)

The error affected state (after the measurement) has stabiliser
(—&1,8, " ,88)

@ The error-correction: Need to find error that gives that
syndrome. For each allowed error E;, compute E,-ng,-T = Bigj,
where 3; € {41, —1} and obtain (1, 2, - -, Jg).

Find an error E; that has same syndrome with the one
measured and then apply that to recover the initial stabiliser

state (g1,42, - ,&8)
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QECC: Stabiliser Codes

@ The error-detection: measure the generators and obtain
syndromes +1
Example: g; gives outcome —1 (all others +1)

The error affected state (after the measurement) has stabiliser
(—&1,8, " ,88)

@ The error-correction: Need to find error that gives that
syndrome. For each allowed error E;, compute E,-ng,-T = Bigj,
where 3; € {41, —1} and obtain (1, 2, - -, Jg).

Find an error E; that has same syndrome with the one
measured and then apply that to recover the initial stabiliser
state <g1=g27"' =g8> .

Example: X1g;X1 = (—1)%1g; thus (—g1, &, -, gs).
Applying Xi1g;Xi recovers the correct state (check the process
by knowing an error Xj occurred)
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QECC: Stabiliser Codes

@ The error-detection: measure the generators and obtain
syndromes +1
Example: g; gives outcome —1 (all others +1)

The error affected state (after the measurement) has stabiliser
(—&1,8, " ,88)

@ The error-correction: Need to find error that gives that
syndrome. For each allowed error E;, compute E,-ng,-T = Bigj,
where 3; € {41, —1} and obtain (1, 2, - -, Jg).

Find an error E; that has same syndrome with the one
measured and then apply that to recover the initial stabiliser
state <g1=g27"' =g8> .

Example: X1g;X1 = (—1)%1g; thus (—g1, &, -, gs).
Applying Xi1g;Xi recovers the correct state (check the process
by knowing an error Xj occurred)

@ Summary: Measure the syndromes and obtain a string of
{#£1}. Then check which error E; gives this string
(51,52, , ). Then apply the suitable correction.



