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Models of Quantum Computation

o Circuit Model (c.f. classical circuit computation)
o Adiabatic Model (no classical analogue)
o Measurement-Based Model (no classical analogue)
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Circuit. Basic mechanism:

e Evolve unitarily qubits through a circuit by applying on the
qubits the gates one-by-one

o Measure (read-out) at the end to convert quantum information
to classical
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Models of Quantum Computation

o Circuit Model (c.f. classical circuit computation)
o Adiabatic Model (no classical analogue)
o Measurement-Based Model (no classical analogue)

Circuit. Basic mechanism:

e Evolve unitarily qubits through a circuit by applying on the

qubits the gates one-by-one
o Measure (read-out) at the end to convert quantum information

to classical

Adiabatic. Basic mechanism:

e Map the problem to finding the ground state energy of certain

Hamiltonian
e Start with simple Hamiltonian with known ground state and

evolve adiabatically to desired Hamiltonian




Models of Quantum Computation

MBQC. (also known as one-way quantum computer).
Basic mechanism:

o Start with a large (generic) entangled state consisting of
multiple qubits

o Make single-qubit measurements in suitably chosen bases
(depending on the computation). Single-qubit measurements
are easy to perform.
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Models of Quantum Computation

MBQC. (also known as one-way quantum computer).
Basic mechanism:

o Start with a large (generic) entangled state consisting of
multiple qubits

o Make single-qubit measurements in suitably chosen bases
(depending on the computation). Single-qubit measurements
are easy to perform.

Measurements are destructive, non-deterministic and “lose”
some of the potential information, but we can still perform
universal QC

Potential advantages: architecture,fault-tolerant, separates
quantum (resource) from classical (measurement instructions)
parts, crypto advantages, foundations (contextuality), etc
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Useful Properties

© The |Ly)-basis. For all 0 we define:

[+o) = —= (10) + € [1)), |—0) = —= (|0) — € |1))

1 1
V2 V2
Note: {|+¢).|—¢)} is a basis and 6 = 0 is the |+)-basis.

0) = =5 (+e) +1=0), 1) = e (l+6) = |=0))

1
V2
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Useful Properties

© The |Ly)-basis. For all 0 we define:

1 io _ b
ﬁ(\0>+e 1), I—e)>—\/5

Note: {|+¢).|—¢)} is a basis and 6 = 0 is the |+)-basis.

[+e) = (10) — € [1))

0) = —= ([} + =0))s [1) = —=e (|-+9) — | o))

V2 V2
@ The J(0) universal gate-set:
1 0
Recall: R(0) = {O o0

We define the Hadamard rotated phase gate:

J(0) = HR(9) = \% E e:e}
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Useful Properties

Any single qubit unitary gate can be decomposed using J gates

U = J(0)J(01)J(02)J(05)

for some 61, 0,, 05
For universal set we need a two-qubit gate
The set of quantum gates {AZ, J(0) for all 6} is universal
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Useful Properties

Any single qubit unitary gate can be decomposed using J gates

U = J(0)J(01)J(62)(05)

for some 61, 0,, 05

For universal set we need a two-qubit gate

The set of quantum gates {AZ, J(0) for all 6} is universal
© The |H) maximally entangled state:

Recall the controlled-Z gate (AZ)

AZ Y1) = (=1 1) 1)
is symmetric w.r.t. inputs (unlike AX |7) |j) = |/)
We define:

i)

|H) := AZ|+) ® |+) = = (|00) + |01) + [10) — [11))

1
2
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Useful Properties

This state is maximally entangled as can be seen from the
below:

!
V2

(10) [4) + 1) |-)) = —=(1+) [0) + =) 1))

H)y=H®1[0") =1 H[0T) = AZ[+) @ [+)

Note: AZ acting on |+) entangles the qubits and in a
symmetric way.
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MBQC: The general idea

Gate Teleportation.
@ Entangle unknown qubit with a fixed qubit
© Measure the unknown qubit
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Gate Teleportation.
@ Entangle unknown qubit with a fixed qubit
© Measure the unknown qubit

Result: The information of the unknown state is “teleported” to
the second qubit with an extra gate applied (see later).
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MBQC: The general idea

Gate Teleportation.
@ Entangle unknown qubit with a fixed qubit
© Measure the unknown qubit

Result: The information of the unknown state is “teleported” to
the second qubit with an extra gate applied (see later).

General MBQC:

@ Large entangled quantum state with many qubits (resource
state) — “consumed” during the computation.
Easy to prepare and same for different computations.

@ Perform computation by single qubit measurements (easy
to implement).
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MBQC: The general idea

@ What resource state and what measurements are needed to
implement a universal set of gates?

@ How to combine those gates for universal computation?

@ Does the order of measurements matters? Can we parallelise
some of these measurements?

e If quantum state [¢g) is input = entangle this at the start of
the resource. Then measure all qubits, one-by-one.
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Resource States and Measurements

Resource States:
@ The entangled states used are called graph states.
@ Given graph G = (V/, E) with vertices V' and edges E

nodes (or vertices)

)

edges
(or links)
N
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Resource States and Measurements

Resource States:
@ The entangled states used are called graph states.
@ Given graph G = (V/, E) with vertices V' and edges E

nodes (or vertices)

)

edges
(or links)
N

@ Place at each vertex a qubit at |+)
@ For each edge apply AZ to entangle the vertices
Resulting state: |G) =[], »)c£ NZ(@b) | 1)BY
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Resource States and Measurements

Resource States:
@ The entangled states used are called graph states.
@ Given graph G = (V/, E) with vertices V' and edges E

nodes (or vertices)

)

edges
(or links)
N

@ Place at each vertex a qubit at |+)
@ For each edge apply AZ to entangle the vertices

Resulting state: |G) =[], e AZ(@b) | \®V
Note: AZ's commute, so order does not matter
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Resource States and Measurements

Remarks:

o If the graph used is subset of d-dimensional lattice the state
are also known as cluster states.

@ Graph states are highly entangled between all qubits.
Entanglement remains after measuring some qubits

e Entanglement is “consumed” during the computation =
resource of the computation.
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Resource States and Measurements

Remarks:

o If the graph used is subset of d-dimensional lattice the state
are also known as cluster states.

@ Graph states are highly entangled between all qubits.
Entanglement remains after measuring some qubits

e Entanglement is “consumed” during the computation =
resource of the computation.

Is called one-way quantum computation, since the resource
is consumed during the computation = non-reversible.
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Resource States and Measurements

Measurements:

@ Single-qubit measurements. Subscript denotes qubit
measured, superscript denotes basis of measurement.

@ Bases used:
Mz ={]0).[1)} and /\/lf) = {|+0).|—0)} for all 6

@ The role of the Z measurement will be explained later
Recall that |+4) = %(\0) + €/ |1))

@ Measurements have binary outcome, for qubit j we denote the
one outcome s; = 0 and the second s; = 1
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Resource States and Measurements

@ Measurement outcomes are random. To achieve deterministic
outcome (unitary), we need to adapt the measurement angles
to “cancel” the randomness of previous measurements.

@ The (partial) order of measurements and adaptivity will be
explored in the next lectures.

@ Here we see how to obtain in MBQC the J(¢#) universal
gate-set, up to certain “corrections”
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Single Qubit Gates

Gate Teleportation: We start with unknown state
1Y), = al0); + b|1); plugged in the following MBQC pattern:

The J(0)-gate MBQC pattern

The total state after entangling (AZ) becomes:

") 15 = AZ1a (

V)1 @ [+)5) = al0+)1, + b[1—)5
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Single Qubit Gates

Rewrite first qubit in the |+¢)-basis (no actual operation
performed!):

W1 = all+o)1 + |=0)1) [+)2 + be ™ (I+0)1 — |=0)1) [-)2
= |40, (al+)y + be™ |=)y) + |—0)1 (a]+)y — be ™ |=),)
= |+0)1 H2R(=0)2[¢)5 + [—0)1 XoH2R(=6)2 [¥),

[+0)1 (X2)°J(=0)2 [1); + | =0)1 (X2) I(—6)2 1)),

It follows that measuring the first qubit in the +4-basis and
obtaining outcome s;, teleports the state |¢)) at the second
qubit, with the J(—0)-gate implemented on top, along with a
X-correction if the measurement outcome is s; = 1.

@ Next lecture(s) = how to adapt future measurements to
cancel the (random) X.
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Single Qubit Gates

Application: Teleportation in MBQC

()1:0.51 92:052

)y @ [+)3

Teleportation MBQC pattern

Operators (or measurements) acting on different subsystems
commute (can be performed in arbitrary order)
We can break the pattern of the figure to two steps:

© Consider qubit 1 and qubit 2 alone (previous example with
0 =0)
[s1) ® X3'Hz [1h),

Note J(0) = H and X = M(0) and s; is the outcome of the
first measurement
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Single Qubit Gates

@ Consider qubit 2 and qubit 3 where the new “initial” state is
X' H [1)),. We obtain:

|s1) ® |52) @ X32Hs X3 Hz [1))5 = |s1) @ |s2) @ X372 Z5"

V)3

where we used HX = ZH
The result of this pattern is the same with the usual
teleportation. Unknown state transferred to qubit 3 with
corrections X, Z depending on the outcomes of the
measurements

@ Any single-qubit gate can be implemented repeating the
J(0) pattern since any single-qubit unitary can be written
using three angles 01, 0>, 03

U = J(0)J(61)J(02)J(65)
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Two Qubit Gate and Universality

e What is missing to achieve the universal J(0) gate-set is a
way to implement the AZ-gate.

@ We already have the AZ-gate in our generating graph process

o Care is needed, as it should be applied to qubits not already
measured (2-dim measurement pattern)

91 =0, S1
02 =0, S

2-qubit gate MBQC pattern
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Two Qubit Gate and Universality

@ Consider qubit 1 and qubit 3 (the effect of measuring qubit 1).

|51>1 & ngl Hs ‘U>3
@ Consider qubit 2 and qubit 4 (the effect of measuring qubit 1).

[52), ® X3 Ha |0),
© We apply a AZ on the qubits 3 and 4.

Is1); @ |52) @ NZsa (X5 Hs 1) @ X52 Ha |$),)
Using the commutation /\212(X1 (39 |2) = (Xl & Zg) A Z15 and
by symmetry AZp(l; @ Xo) = (Z1 @ Xo) A Zi2 this becomes:

‘51>1 ® [52) ® (X3SIZ§92 ® thszzzfl)( A Z34) (Hs ‘b>3 ® Hy ‘Q>4))

which is the AZ applied on the Hadamard evolved initial state
[t)) @ |¢) with X, Z-corrections depending on the
measurement outcomes si, s,. Could cancel H if we did
“teleportation” before the NZ

@ To “cancel” corrections see next lecture(s)!
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