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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)

e We will denote a vectors v as |v)
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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)
@ The unit vectors in the x-axis as |0) and in the y-axis as [1)
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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)
@ Another basis (45% rotated) is given by the vectors
{I+) 1)}, where |+) = Z5(10) +[1));|=) = 5(/0) = 1))

1
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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)
e General Qubit: |¢)) = al0) + b|1) where
[19)[* =1=a]* +[b]”
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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)

2+ 2

@ Can be expressed in the blue basis: [1)) =

1

G}
VZA+)

N (a+h) (a=b))
\l}—,\ A [+) 4 \5‘ )
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Formal Definitions: Complex Vector Space

A complex vector space, is a set \/ whose elements |v) are called
vectors, and the set C whose elements a are called scalars (and
are complex numbers), along with two operations (vector
addition, scalar multiplication) that obey the following conditions:

Q |u) + ([v) +[w)) = (lu) + [v)) + [w)

Q |u)+|v)=v) +|u)

© J0 € Vsuchthat |v) +0=|v)V|v) € V.

@ For all |v) € V there exists element — |v) € V called the
additive inverse, that |v) + (—|v)) =0

Q a(b|v)) = (ab)|v)

@ 71 €C such that 1|v) = |v)

Q a(|v) +|u) = alv) + alu)

@ (a+b)[v) =alv) + blv)
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Formal Definitions: Complex Vector Space

A complex vector space, is a set /' whose elements |v) are called
vectors, and the set C whose elements a are called scalars (and
are complex numbers), along with two operations (vector
addition, scalar multiplication) that obey the following conditions:

@ A subset S of V is called linearly dependent if there exist
Vi), ,|vs) € S and non-zero complex numbers aj, - - , a,
such that

alvi)+ax|va)+---+an|va) =0

o A subset S of V is called linearly independent if it is not
linearly dependent.
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Formal Definitions: Hilbert Space

@ Inner product space is a (complex) vector space V together
with an inner product
(w):VxV=C
That satisfies

x,y) = (y,x) (where (y,x) is the complex conjugate of

z) +(y,z)

ax,y) =alx,y) and (x +y,z) = (x,
x,x) > 0and (x,x) =0=|x) =0

o Hilbert space 7 is a complex inner product space that is also
a complete metric space with respect to the norm induced by
the inner product: ||x|| = \/(x, x)
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Formal Definitions: Hilbert Space

@ For any inner product space V, we define the dual vector
space V/* to be the space of linear functionals V* : V — C
that is induced by the inner product
(x| = (x,) € VFily) €V = (x,y) = (xl]y) € C
Note: (x,ay) = a*(x,y), etc
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The Qubit

@ Simpler case where H = dim?2

@ Orthonormal bases {|0), 1)}, where (0|1) = 0 and
{I+).1=)}, where (+]—) =0 and [+) = J5(|0) £ |1))

@ A general state (see next lecture) is a unit norm vector
1) = al0) + bI1), where a2 + [b2 = 1 = || [1})|| = 1

e Can be rewritten 1)) = e (cos g\O + e"’ sin 9\1 )) and as we
will see we can ignore the overall factor e”

@ We can represent the state as a vector on the Bloch sphere:

' )
;
- >y
j‘ﬂ
[

X ‘I)
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The Qubit

@ The (pure) states are unit vectors on the boundary of this
sphere, where the two (orthogonal) states |0) . |1) are at the
poles.

@ This representation is very useful. However, it can be
confusing, since orthogonal vectors in the Hilbert space are
not orthogonal in this figure.

@ For example, if the coefficients a, b where real, one could
represent the state at a 2-dimensional space (see earlier)
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Matrix Representation

@ Any m x n complex matrix A with entries Aj; is a linear
operator mapping vectors from C” vector space to C™

ACiailvi)) = 22 aiAlvi)
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Matrix Representation

@ Any m x n complex matrix A with entries Aj; is a linear
operator mapping vectors from C” vector space to C™

ACiailvi)) = 22 aiAlvi)

o Let A: V — W a linear operator and |vi),--- . |v,) a basis
for V and |wy), -+ ., |wy,) a basis for W there exist complex
numbers Ay;, -+ ., such that

Alvj) = > 1 Akj lwi)

Petros Wallden Lecture 2: Linear Algebra



Matrix Representation

@ Any m x n complex matrix A with entries Aj; is a linear
operator mapping vectors from C” vector space to C™

ACiailvi)) = 22 aiAlvi)

o Let A: V — W a linear operator and |vi),--- . |v,) a basis
for V and |wy), -+ ., |wy,) a basis for W there exist complex
numbers Ay;, -+ ., such that
Alvi) = >k Ak [ wi)

Orthonormal basis is a collection of vectors {|1),---,|n)}
that have unit norm (/| /) = 1 and are pairwise orthogonal
(L) = 0if i )
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Matrix Representation

@ Any m x n complex matrix A with entries Aj; is a linear
operator mapping vectors from C” vector space to C™

ACiailvi)) = 22 aiAlvi)

o Let A: V — W a linear operator and |vi),--- . |v,) a basis
for V and |wy), -+ ., |wy,) a basis for W there exist complex
numbers Ay;, -+ ., such that
Alvi) = >k Ak [ wi)

Orthonormal basis is a collection of vectors {|1),---,|n)}
that have unit norm (/| /) = 1 and are pairwise orthogonal
(L) = 0if i )

@ Let a collection of n vectors |/) be an orthonormal basis, then
the inner product of two vectors |v) , |w) can be expressed

(viw) = (Sovili), Spwili)) = S0y viwgoy = X2, v; w

w1

Whn
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Matrix Representation
Example: The inner product of a unit vector is 1.
) = /310) + /3 1)
<1/)v1’>:(\/§<0\—i\f (1)( \f|0 +/\f\1 =24+1=1
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Matrix Representation
Example: The inner product of a unit vector is 1.

) = /310) + /3 1)
<q/)ub>:(\/§<0\—i\f (1))( \f|0 +/\f\1 =241

@ QOuter product is a Linear operator from V to W

(Iw) (VD) (Iv1)) = {v[V/) [w)

>_;wivi|i) (j| and corresponds to a matrix n x m

V) — (i vivi) [w)
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Matrix Representation

Example: The inner product of a unit vector is 1.

) = /310) + /3 1)
Wl9) = (201 -iy/3 (/210 + /2 =2 +1=1

@ QOuter product is a Linear operator from V to W

(Iw) (VD) (Iv1)) = {v[V/) [w)

> wivi i) .and corresponds to a matrix n x m
V) — (i vivi) [w)
*

Wi wivy wivy  wivz

e | wvf wovy wavs
€.g. ‘W> <V| - w3 [Vl 0] V3} - W3V1* W3V2* W3V§
*

Wa Wavy  WaVy  waVv3
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Matrix Representation

Example: The inner product of a unit vector is 1.

) = /310) + /3 1)
Wl9) = (201 -iy/3 (/210 + /2 =2 +1=1
@ QOuter product is a Linear operator from V to W

(Iw) (VD) (Iv1)) = {v[V/) [w)

>_;wivi|i) (j| and corresponds to a matrix n x m

V) — (32 viv)) [w)
[wy wivy wivi wivj
* * *
ol % 5= vy s
| Wy Wavy  WaVy  Wav3
Example: |w) =3/5|0) +4/5|1) and
[v) = /1/3(i10) + [1) + i ]2))

_[3/5] i \[ 3
lw) (v| = [4/5_ s[-i 1 —i]=1/5 { ,}

e.g. |w)(v[=




Matrix Representation

@ The identity can be written as

Z?:l i) (i =1
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Matrix Representation

@ The identity can be written as

Z?:l i) (i =1

Example: (2-dimensions) 1 = |0) (0| + |1) (1| = [é ﬂ
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Matrix Representation

@ The identity can be written as
il (il =1
: : 10
Example: (2-dimensions) 1 = |0) (0| + |1) (1| = [0 J

@ Any vector |v) can be written with respect to an orthonormal
basis as

[v) =225 10 (il [v) = 32, vi |i) where v; = (i v)
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Matrix Representation

@ The identity can be written as

>l (il =1
. . 10
Example: (2-dimensions) 1 = |0) (0] + |1) (1] = 0 1
@ Any vector |v) can be written with respect to an orthonormal
basis as

v) =22 1) (i lv) = 32 vi i) where v; = (i] v)

Example: |v) \[\0 +/\/>\1 where vy = \/73nd

V1:I %
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Matrix Representation

@ The identity can be written as

>l (il =1
. . 10
Example: (2-dimensions) 1 = |0) (0] + |1) (1] = 0 1
@ Any vector |v) can be written with respect to an orthonormal
basis as

v) =22 1) (i lv) = 32 vi i) where v; = (i] v)

Example: |v) \[\0 +/\/>\1 where vy = \/73nd

Vi = ] é
@ Any linear operator A can be written with respect to an
orthonormal basis as:

A= 200 TAZ ) Ul = 22510 Ul Ajj where Aj = (i] Alj)

Viewed as matrix, / is the column and j is the row
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Matrix Representation

s 3] = OOH@EDO A

+211) (0] + (3 +2i) |1) (1]

Example: A= {
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Matrix Representation

s 3] = OOH@EDO A

+2 1) (0] + (3 + 2i) |1) (1]
e Adjoint (Hermitian conjugate) of an operator is defined as

(Iv), Alw)) = (AT V), |w))

Example: A= {
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Matrix Representation

s 3] = OOH@EDO A
+2 1) (0] + (3 + 2i) |1) (1]
e Adjoint (Hermitian conjugate) of an operator is defined as
(Iv), Alw)) = (AT |v), |w))
1 2
Example: Al = L i 30
matrix and then complex conjugate each element)
Note that |v)! = (v| and (A|v))T = (v| AT and
(AB)I = BTAT

Example: A= {

(i.e. takes the transposed
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Matrix Representation

s 3] = OOH@EDO A
+2 1) (0] + (3 + 2i) |1) (1]

e Adjoint (Hermitian conjugate) of an operator is defined as
(Iv), Alw)) = (AT]v), |w))

1 2

Example: Al = L i 30
matrix and then complex conjugate each element)
Note that |v)' = (v| and (A|v))" = (v| AT and
(AB)I = BTAT

@ An operator B is called Hermitian (or self-adjoint) if B' = B

Example: A= {

(i.e. takes the transposed

@ Hermitian operators have real eigenvalues
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Matrix Representation

s 3] = OOH@EDO A
+2 1) (0] + (3 + 2i) |1) (1]
Adjoint (Hermitian conjugate) of an operator is defined as
(Iv), Alw)) = (AT |v), |w))

1 2
Example: Al = L i 30
matrix and then complex conjugate each element)
Note that |v)! = (v| and (A|v))T = (v| AT and
(AB)I = BTAT

Example: A=

(i.e. takes the transposed

@ An operator B is called Hermitian (or self-adjoint) if B' = B

Hermitian operators have real eigenvalues

Example: The matrix A above is NOT Hermitian, while the

matrix B is
1 2+ 30
— f— T
B {2 — 3 5 } B
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Matrix Representation

@ An important class of Hermitian operators are the Projection
operators which are defined as:
P2 =P
These operators, restrict/project a vector to some subspace of
the total Hilbert space
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Matrix Representation

@ An important class of Hermitian operators are the Projection
operators which are defined as:
P2 =P
These operators, restrict/project a vector to some subspace of
the total Hilbert space
1 . .
Example: P =|0) (0| = {O 8} this projects to the subspace
defined by the vector |0)
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Matrix Representation

@ An important class of Hermitian operators are the Projection
operators which are defined as:
P2 =P
These operators, restrict/project a vector to some subspace of
the total Hilbert space
1 . .
Example: P =|0) (0| = {O 8} this projects to the subspace
defined by the vector |0)

@ An operator U is called unitary if UUT =1
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Matrix Representation

@ An important class of Hermitian operators are the Projection
operators which are defined as:
P2 =P
These operators, restrict/project a vector to some subspace of
the total Hilbert space

Example: P =|0) (0| = B 8} this projects to the subspace
defined by the vector |0)
@ An operator U is called unitary if UUT =1

Unitary operators preserve the inner product of vectors
(Iv),|w)) = (Ulv), U|w)) = (v| UTU |w)
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Matrix Representation

@ We call trace of an operator A the following
Tr(A) = >, Aji and is defined for square matrices
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Matrix Representation

@ We call trace of an operator A the following
Tr(A) = >, Aji and is defined for square matrices

Example: A = {311 312} and Tr(A) = a1 + ax»
as1  ax
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Matrix Representation

@ We call trace of an operator A the following
Tr(A) = >, Aji and is defined for square matrices

as1  ax
The trace is cyclic symmetric:
Tr(ABC) = Tr(BCA) = Tr(CAB)

Example: A = {311 312} and Tr(A) = a1 + ax»
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Matrix Representation

@ We call trace of an operator A the following
Tr(A) = >, Aji and is defined for square matrices

ag1 a2
The trace is cyclic symmetric:
Tr(ABC) = Tr(BCA) = Tr(CAB)
The trace of an operator is invariant under unitary similarity
transformations A — UAUT
Tr(UAUT) = Tr(UTUA) = Tr(A)

Example: A = {311 312} and Tr(A) = a1 + ax»
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Tensor Product: Composite Systems

@ The tensor product is a way to join two (or more) vector
spaces to form a larger vector space

@ It is crucial for understanding the quantum mechanics of
composite (multiparticle) systems
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Tensor Product: Composite Systems

@ The tensor product is a way to join two (or more) vector
spaces to form a larger vector space

@ It is crucial for understanding the quantum mechanics of
composite (multiparticle) systems

o If V and W are two vector spaces with dimensions m and n

then the tensor product vector space V' @ W has dimension
mxn
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Tensor Product: Composite Systems

@ The tensor product is a way to join two (or more) vector
spaces to form a larger vector space

@ It is crucial for understanding the quantum mechanics of
composite (multiparticle) systems

o If V and W are two vector spaces with dimensions m and n
then the tensor product vector space V' @ W has dimension
m X n

@ The elements of V @ W are linear combinations of vectors
\v) @ |w) where |v) is element of V' and |w) is element of W
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Tensor Product: Composite Systems

@ The tensor product is a way to join two (or more) vector
spaces to form a larger vector space

@ It is crucial for understanding the quantum mechanics of
composite (multiparticle) systems

o If V and W are two vector spaces with dimensions m and n
then the tensor product vector space V' @ W has dimension
mxn

@ The elements of V @ W are linear combinations of vectors
\v) @ |w) where |v) is element of V' and |w) is element of W

e If |i/) and |j) are orthonormal basis for VV and W respectively,
then |i) @ |j) is an orthonormal basis for V' & W

Yy = Z,J vij 1) ® 1))
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Tensor Product: Composite Systems

@ The tensor product is a way to join two (or more) vector
spaces to form a larger vector space

@ It is crucial for understanding the quantum mechanics of
composite (multiparticle) systems

o If V and W are two vector spaces with dimensions m and n
then the tensor product vector space V' @ W has dimension
mxn

@ The elements of V @ W are linear combinations of vectors
\v) @ |w) where |v) is element of V' and |w) is element of W

e If |i/) and |j) are orthonormal basis for VV and W respectively,
then |i) @ |j) is an orthonormal basis for V' & W
) = X051 © L)
Example:

1) =2[0) ®10) +7]0) @ 1) +3i|1) ®(0) + |1) ® |1)

and therefore 100 = 2,101 = i,110 = 3,111 = 1 (this vector

is NOT unit vector)
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Tensor Product: Composite Systems

@ The tensor product obeys the following compatibility
properties:
@ z(Iv) @ [w) = (z[v) @ [w) = |v) @ (z]w)) where z is a
scalar
Q (|v1) +|v2)) @ |w) = [v1) ® [w) + |[v2) @ |w)
Q V) ®(Im) +|w2)) = [v) @ [w1) + |v) @ |wa)

We denote a vector tensored with itself k times >®k

P
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Tensor Product: Composite Systems

@ The tensor product obeys the following compatibility
properties:
@ z(Iv) @ [w) = (z[v) @ [w) = |v) @ (z]w)) where z is a
scalar
Q (|v1) +|v2)) @ |w) = [v1) ® [w) + |[v2) @ |w)
Q V) ®(Im) +|w2)) = [v) @ [w1) + |v) @ |wa)

We denote a vector tensored with itself k times >®k

P

o If Ais a linear operator in V' and B linear operator in W/ then
(A® B)(Iv) @ [w)) = Alv) @ B |w)
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Tensor Product: Composite Systems

@ The tensor product obeys the following compatibility
properties:
@ z(Iv) @ [w) = (z[v) @ [w) = |v) @ (z]w)) where z is a
scalar
Q (|v1) +|v2)) @ |w) = [v1) ® [w) + |[v2) @ |w)
Q V) ®(Im) +|w2)) = [v) @ [w1) + |v) @ |wa)

We denote a vector tensored with itself k times >®k

P

o If Ais a linear operator in V' and B linear operator in W/ then
(A® B)(Iv) @ [w)) = Alv) @ B |w)
@ In matrix notation, the most general operator in V @ W is

C =2 i G 1) Ul @ [ k) (/]
where |i) ,|j) are orthonormal bases of V/ and |k),|/) are
orthonormal bases of W
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Tensor Product: Composite Systems

@ The inner product is defined similarly.

Let [) = 32465 |i) © i) and [6) = Y- éus [K) @ 1) two
vectors on the tensor product space V ® W. Then

(s 1) @ 1) S dua 1K) @ 1)) = X m (i1 ) 4j11) =
= > W0, where we used (i| k) = dj and (j| /) = dj
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Tensor Product: Composite Systems

@ The inner product is defined similarly.
Let [) = 32465 |i) © i) and [6) = Y- éus [K) @ 1) two
vectors on the tensor product space V ® W. Then
(s 1) @ 1) S dua 1K) @ 1)) = X m (i1 ) 4j11) =
= > W0, where we used (i| k) = dj and (j| /) = dj
Example: [v) = 1/4/2(|0) @ |0) + |1) @ |1)) and
|#) = 1/2(|0) @ 0) +|0) ® [1) + |1) ® 0) +[1) @ |1))
(W] ¢) =1/2v/2(1 +0+0+1) =1/2
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Tensor Product: Composite Systems

@ The inner product is defined similarly.
Let [i5) = 525 1) @ Lj) and [6) = 3w [K) ® 1) two
vectors on the tensor product space V ® W. Then
(S 1) @ 1)y X bw K) @ 1)) = X bna (i K) Gl ) =
= > W0, where we used (i| k) = dj and (j| /) = dj
Example: [v) = 1/4/2(|0) @ |0) + |1) @ |1)) and
¢) =1/2(]0) ® 0) + |0) ® [1) +[1) ® |0) + [1) ® 1))
() =1/2v/2(1+0+0+1) =1/v2

@ Matrix representation of tensor product of operators:
Let A;; be the matrix elements of operator A and By, of the

operator B
An1B ApB - AinB
AnB ApB - AyB
AR B = . ) . .
AmB AmpB -+ AnnB
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Tensor Product: Composite Systems

Example:
1{2 1} 2{2 1} 21 4 2
1 2] [21] T3] CI3 il |30 6 2i
{0 4%@{3 /}_ 0{2 1} 4{2 1} “loo 8 a4
3 3 0 0 12 4
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Tensor Product: Composite Systems

Example:

1{2 1} 2{2 1} 21 4 2
1 2] 21 |tz il fl3 il| |37 6 2
{0 4%@{3 /}_ 0{2 1} 4{2 1} “loo 8 a4

3 i |3 i 00 12 4i

@ Given an operator on a tensor product vector space V @ W,
we can define the partial trace to be the operation Try, that
takes an operator from V @ W and gives an operator in V in
the following way:

C = G |1) Ul @ [k) (] — Trw (C) = 24 Cir |1) U
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Tensor Product: Composite Systems

Example:

1{2 1} 2{2 1} 21 4 2
1 2] 2 1] M3 i fl3 il |3 6 2
{0 4%@{3 /}_ 0{2 1} 4{2 1} “loo 8 4

3 0| Y3 i 0 0 12 4i

@ Given an operator on a tensor product vector space V @ W,
we can define the partial trace to be the operation Try, that
takes an operator from V @ W and gives an operator in V in
the following way:

C = G |1) Gl @ k) (] — Trw(C) = > G |7) U]
In other words, this operation takes the trace at the one
vector space (the one denoted at the subscript)

st o ([} 2] 2 1)) =0} ]
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