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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)

We will denote a vectors ~v as |v〉
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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)

The unit vectors in the x-axis as |0〉 and in the y -axis as |1〉

|0〉

|1〉
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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)

Another basis (45% rotated) is given by the vectors
{|+〉 , |−〉}, where |+〉 = 1√

2
(|0〉+ |1〉); |−〉 = 1√

2
(|0〉 − |1〉)

|0〉

|1〉

|+〉

|−〉
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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)

General Qubit: |ψ〉 = a|0〉+ b|1〉 where
| |ψ〉 |2 = 1 = |a|2 + |b|2

|0〉

|1〉

|+〉

|−〉

|ψ〉 = a|0〉 + b|1〉

a

b
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Notation and Motivation

Qubits can be viewed as 2-dimensional unit vectors (see later)

Can be expressed in the blue basis: |ψ〉 = (a+b)√
2
|+〉+ (a−b)√

2
|−〉

|0〉

|1〉

|+〉

|−〉

|ψ〉 = (a+b)√
2
|+〉 + (a−b)√

2
|−〉

(a−b)√
2

(a+b)√
2
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Formal Definitions: Complex Vector Space

A complex vector space, is a set V whose elements |v〉 are called
vectors, and the set C whose elements a are called scalars (and
are complex numbers), along with two operations (vector
addition, scalar multiplication) that obey the following conditions:

1 |u〉+ (|v〉+ |w〉) = (|u〉+ |v〉) + |w〉
2 |u〉+ |v〉 = |v〉+ |u〉
3 ∃0 ∈ V such that |v〉+ 0 = |v〉 ∀ |v〉 ∈ V .
4 For all |v〉 ∈ V there exists element − |v〉 ∈ V called the

additive inverse, that |v〉+ (− |v〉) = 0
5 a(b |v〉) = (ab) |v〉
6 ∃1 ∈ C such that 1 |v〉 = |v〉
7 a(|v〉+ |u〉) = a |v〉+ a |u〉
8 (a + b) |v〉 = a |v〉+ b |v〉
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Formal Definitions: Complex Vector Space

A complex vector space, is a set V whose elements |v〉 are called
vectors, and the set C whose elements a are called scalars (and
are complex numbers), along with two operations (vector
addition, scalar multiplication) that obey the following conditions:

A subset S of V is called linearly dependent if there exist
|v1〉 , · · · , |vn〉 ∈ S and non-zero complex numbers a1, · · · , an
such that
a1 |v1〉+ a2 |v2〉+ · · ·+ an |vn〉 = 0

A subset S of V is called linearly independent if it is not
linearly dependent.
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Formal Definitions: Hilbert Space

Inner product space is a (complex) vector space V together
with an inner product
〈·, ·〉 : V × V → C
That satisfies

1 〈x , y〉 = 〈y , x〉 (where 〈y , x〉 is the complex conjugate of
〈y , x〉)

2 〈ax , y〉 = a〈x , y〉 and 〈x + y , z〉 = 〈x , z〉+ 〈y , z〉
3 〈x , x〉 ≥ 0 and 〈x , x〉 = 0⇒ |x〉 = 0

Hilbert space H is a complex inner product space that is also
a complete metric space with respect to the norm induced by
the inner product: ‖x‖ =

√
〈x , x〉
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Formal Definitions: Hilbert Space

For any inner product space V , we define the dual vector
space V ∗ to be the space of linear functionals V ∗ : V → C
that is induced by the inner product
〈x | = 〈x , ·〉 ∈ V ∗ : |y〉 ∈ V → 〈x , y〉 = 〈x | |y〉 ∈ C
Note: 〈x , ay〉 = a∗〈x , y〉, etc
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The Qubit

Simpler case where H = dim 2
Orthonormal bases {|0〉 , |1〉}, where 〈0|1〉 = 0 and
{|+〉 , |−〉}, where 〈+|−〉 = 0 and |±〉 = 1√

2
(|0〉 ± |1〉)

A general state (see next lecture) is a unit norm vector
|ψ〉 = a|0〉+ b|1〉, where |a|2 + |b|2 = 1 = ‖ |ψ〉 ‖ = 1
Can be rewritten |ψ〉 = e iγ

(
cos θ2 |0〉+ e iφ sin θ

2 |1〉
)

and as we
will see we can ignore the overall factor e iγ .
We can represent the state as a vector on the Bloch sphere:
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The Qubit

The (pure) states are unit vectors on the boundary of this
sphere, where the two (orthogonal) states |0〉 , |1〉 are at the
poles.

This representation is very useful. However, it can be
confusing, since orthogonal vectors in the Hilbert space are
not orthogonal in this figure.

For example, if the coefficients a, b where real, one could
represent the state at a 2-dimensional space (see earlier)
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Matrix Representation

Any m × n complex matrix A with entries Aij is a linear
operator mapping vectors from Cn vector space to Cm

A (
∑

i ai |vi 〉) =
∑

i aiA |vi 〉

Let A : V →W a linear operator and |v1〉 , · · · , |vn〉 a basis
for V and |w1〉 , · · · , |wm〉 a basis for W there exist complex
numbers A1j , · · · ,nj such that
A |vj〉 =

∑
k Akj |wk〉

Orthonormal basis is a collection of vectors {|1〉 , · · · , |n〉}
that have unit norm 〈i | i〉 = 1 and are pairwise orthogonal
〈i | j〉 = 0 if i 6= j
Let a collection of n vectors |i〉 be an orthonormal basis, then
the inner product of two vectors |v〉 , |w〉 can be expressed

〈v |w〉 =
〈∑

i vi |i〉 ,
∑

j wj |j〉
〉

=
∑

ij v
∗
i wjδij =

∑
i v
∗
i wi

=
[
v∗1 · · · v∗n

] w1
...
wn


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Matrix Representation

Example: The inner product of a unit vector is 1.

|ψ〉 =
√

2
3 |0〉+ i

√
1
3 |1〉

〈ψ|ψ〉 = (
√

2
3 〈0| − i

√
1
3 〈1|)(

√
2
3 |0〉+ i

√
1
3 |1〉) = 2

3 + 1
3 = 1

Outer product is a Linear operator from V to W
(|w〉 〈v |) (|v ′〉) = 〈v |v ′〉 |w〉∑

ij wiv
∗
j |i〉 〈j | and corresponds to a matrix n ×m

|v ′〉 −→ (
∑

i v
∗
i v
′
i ) |w〉

e.g. |w〉 〈v | =


w1

w2

w3

w4

 [v∗1 v∗2 v∗3
]

=


w1v

∗
1 w1v

∗
2 w1v

∗
3

w2v
∗
1 w2v

∗
2 w2v

∗
3

w3v
∗
1 w3v

∗
2 w3v

∗
3

w4v
∗
1 w4v

∗
2 w4v

∗
3


Example: |w〉 = 3/5 |0〉+ 4/5 |1〉 and
|v〉 =

√
1/3(i |0〉+ |1〉+ i |2〉)

|w〉 〈v | =

[
3/5
4/5

]√
1
3

[
−i 1 −i

]
= 1/5

√
1
3

[
−3i 3 −3i
−4i 4 −4i

]
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Matrix Representation

The identity can be written as∑n
i=1 |i〉 〈i | = 1

Example: (2-dimensions) 1 = |0〉 〈0|+ |1〉 〈1| =

[
1 0
0 1

]
Any vector |v〉 can be written with respect to an orthonormal
basis as
|v〉 =

∑
i |i〉 〈i | |v〉 =

∑
i vi |i〉 where vi = 〈i | v〉

Example: |v〉 =
√

2
3 |0〉+ i

√
1
3 |1〉 where v0 =

√
2
3 and

v1 = i
√

1
3

Any linear operator A can be written with respect to an
orthonormal basis as:
A =

∑
i |i〉 〈i |A

∑
j |j〉 〈j | =

∑
ij |i〉 〈j |Aij where Aij = 〈i |A |j〉

Viewed as matrix, i is the column and j is the row
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Matrix Representation

Example: A =

[
1 1 + i
2 3 + 2i

]
= |0〉 〈0|+ (1 + i) |0〉 〈1|+

+2 |1〉 〈0|+ (3 + 2i) |1〉 〈1|

Adjoint (Hermitian conjugate) of an operator is defined as
(|v〉 ,A |w〉) =

(
A† |v〉 , |w〉

)
Example: A† =

[
1 2

1− i 3− 2i

]
(i.e. takes the transposed

matrix and then complex conjugate each element)
Note that |v〉† = 〈v | and (A |v〉)† = 〈v |A† and
(AB)† = B†A†

An operator B is called Hermitian (or self-adjoint) if B† = B

Hermitian operators have real eigenvalues

Example: The matrix A above is NOT Hermitian, while the
matrix B is

B =

[
1 2 + 3i

2− 3i 5

]
= B†
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An operator B is called Hermitian (or self-adjoint) if B† = B

Hermitian operators have real eigenvalues

Example: The matrix A above is NOT Hermitian, while the
matrix B is

B =

[
1 2 + 3i

2− 3i 5

]
= B†
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Matrix Representation

An important class of Hermitian operators are the Projection
operators which are defined as:
P2 = P
These operators, restrict/project a vector to some subspace of
the total Hilbert space

Example: P = |0〉 〈0| =

[
1 0
0 0

]
this projects to the subspace

defined by the vector |0〉
An operator U is called unitary if UU† = 1

Unitary operators preserve the inner product of vectors
(|v〉 , |w〉) = (U |v〉 ,U |w〉) = 〈v |U†U |w〉
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Matrix Representation

We call trace of an operator A the following
Tr(A) =

∑
i Aii and is defined for square matrices

Example: A =

[
a11 a12
a21 a22

]
and Tr(A) = a11 + a22

The trace is cyclic symmetric:
Tr(ABC ) = Tr(BCA) = Tr(CAB)

The trace of an operator is invariant under unitary similarity
transformations A→ UAU†

Tr(UAU†) = Tr(U†UA) = Tr(A)

Petros Wallden Lecture 2: Linear Algebra



Matrix Representation

We call trace of an operator A the following
Tr(A) =

∑
i Aii and is defined for square matrices

Example: A =

[
a11 a12
a21 a22

]
and Tr(A) = a11 + a22

The trace is cyclic symmetric:
Tr(ABC ) = Tr(BCA) = Tr(CAB)

The trace of an operator is invariant under unitary similarity
transformations A→ UAU†

Tr(UAU†) = Tr(U†UA) = Tr(A)

Petros Wallden Lecture 2: Linear Algebra



Matrix Representation

We call trace of an operator A the following
Tr(A) =

∑
i Aii and is defined for square matrices

Example: A =

[
a11 a12
a21 a22

]
and Tr(A) = a11 + a22

The trace is cyclic symmetric:
Tr(ABC ) = Tr(BCA) = Tr(CAB)

The trace of an operator is invariant under unitary similarity
transformations A→ UAU†

Tr(UAU†) = Tr(U†UA) = Tr(A)

Petros Wallden Lecture 2: Linear Algebra



Matrix Representation

We call trace of an operator A the following
Tr(A) =

∑
i Aii and is defined for square matrices

Example: A =

[
a11 a12
a21 a22

]
and Tr(A) = a11 + a22

The trace is cyclic symmetric:
Tr(ABC ) = Tr(BCA) = Tr(CAB)

The trace of an operator is invariant under unitary similarity
transformations A→ UAU†

Tr(UAU†) = Tr(U†UA) = Tr(A)

Petros Wallden Lecture 2: Linear Algebra



Tensor Product: Composite Systems

The tensor product is a way to join two (or more) vector
spaces to form a larger vector space

It is crucial for understanding the quantum mechanics of
composite (multiparticle) systems

If V and W are two vector spaces with dimensions m and n
then the tensor product vector space V ⊗W has dimension
m × n

The elements of V ⊗W are linear combinations of vectors
|v〉 ⊗ |w〉 where |v〉 is element of V and |w〉 is element of W

If |i〉 and |j〉 are orthonormal basis for V and W respectively,
then |i〉 ⊗ |j〉 is an orthonormal basis for V ⊗W
|ψ〉 =

∑
ij ψij |i〉 ⊗ |j〉

Example:
|ψ1〉 = 2 |0〉 ⊗ |0〉+ i |0〉 ⊗ |1〉+ 3i |1〉 ⊗ |0〉+ |1〉 ⊗ |1〉
and therefore ψ00 = 2, ψ01 = i , ψ10 = 3i , ψ11 = 1 (this vector
is NOT unit vector)
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Tensor Product: Composite Systems

The tensor product obeys the following compatibility
properties:

1 z (|v〉 ⊗ |w〉) = (z |v〉)⊗ |w〉 = |v〉 ⊗ (z |w〉) where z is a
scalar

2 (|v1〉+ |v2〉)⊗ |w〉 = |v1〉 ⊗ |w〉+ |v2〉 ⊗ |w〉
3 |v〉 ⊗ (|w1〉+ |w2〉) = |v〉 ⊗ |w1〉+ |v〉 ⊗ |w2〉

We denote a vector tensored with itself k times |ψ〉⊗k

If A is a linear operator in V and B linear operator in W then
(A⊗ B)(|v〉 ⊗ |w〉) = A |v〉 ⊗ B |w〉
In matrix notation, the most general operator in V ⊗W is
C =

∑
ijkl Cijkl |i〉 〈j | ⊗ |k〉 〈l |

where |i〉 , |j〉 are orthonormal bases of V and |k〉 , |l〉 are
orthonormal bases of W
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Tensor Product: Composite Systems

The inner product is defined similarly.
Let |ψ〉 =

∑
ij ψij |i〉 ⊗ |j〉 and |φ〉 =

∑
kl φkl |k〉 ⊗ |l〉 two

vectors on the tensor product space V ⊗W . Then(∑
ij ψij |i〉 ⊗ |j〉 ,

∑
kl φkl |k〉 ⊗ |l〉

)
=
∑

ijkl ψ
∗
ijφkl 〈i | k〉 〈j | l〉 =

=
∑

i ,j ψ
∗
ijφij , where we used 〈i | k〉 = δik and 〈j | l〉 = δjl

Example: |ψ〉 = 1/
√

2(|0〉 ⊗ |0〉+ |1〉 ⊗ |1〉) and
|φ〉 = 1/2(|0〉 ⊗ |0〉+ |0〉 ⊗ |1〉+ |1〉 ⊗ |0〉+ |1〉 ⊗ |1〉)
〈ψ|φ〉 = 1/2

√
2(1 + 0 + 0 + 1) = 1/

√
2

Matrix representation of tensor product of operators:
Let Aij be the matrix elements of operator A and Bkl of the
operator B

A⊗ B =


A11B A12B · · · A1nB
A21B A22B · · · A2nB

...
...

...
...

Am1B Am2B · · · AmnB


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Tensor Product: Composite Systems

Example:[
1 2
0 4

]
⊗
[

2 1
3 i

]
=

1

[
2 1
3 i

]
2

[
2 1
3 i

]
0

[
2 1
3 i

]
4

[
2 1
3 i

]
 =


2 1 4 2
3 i 6 2i
0 0 8 4
0 0 12 4i



Given an operator on a tensor product vector space V ⊗W ,
we can define the partial trace to be the operation TrW that
takes an operator from V ⊗W and gives an operator in V in
the following way:
C = Cijkl |i〉 〈j | ⊗ |k〉 〈l | −→ TrW (C ) =

∑
k Cijkk |i〉 〈j |

In other words, this operation takes the trace at the one
vector space (the one denoted at the subscript)

Example: TrW

([
1 2
0 4

]
⊗
[

2 1
3 i

])
= (2 + i)

[
1 2
0 4

]
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