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Entanglement

Composite System: The state space of a composite physical
system is the tensor product of the state spaces of the
component physical systems.

Product States: If we have systems numbered 1 through n,
and the ith system is in state |ψi 〉, then the joint state of the
total system is |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉
Entangled States: There exist states of composite systems
that cannot be written as tensor product of states of its
components. Those states are called entangled.
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Entanglement (Example)

Entangled State Example:
|Φ+〉 = 1√

2
(|00〉+ |11〉) Cannot be written as product state

Proof: Assume that there exists states |a〉 = a0 |0〉+ a1 |1〉
and |b〉 = b0 |0〉+ b1 |1〉 such that |Φ+〉 = |a〉 ⊗ |b〉
It follows that
|a〉 ⊗ |b〉 = a0b0 |00〉+ a0b1 |01〉+ a1b0 |10〉+ a1b1 |11〉
Since there are no |01〉 , |10〉 terms, we know that
a0b1 = a1b0 = 0

(i) if a0 = 0 then the term that has |00〉 vanishes (which it
shouldn’t)

(ii) if b1 = 0 the term with |11〉 vanishes �

Notation remark: If subsystem A corresponds to the first state
and subsystem B to the second, we can specify this with an
index |ψ〉A ⊗ |φ〉B
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Superdense Coding

A task impossible classically but possible using entanglement

Task: Alice wants to send two (classical) bits, but she is
allowed to send (physically) a single qubit to Bob.

Possible if they share a pair of entangled qubits
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Superdense Coding

Alice encodes the classical bits as above

Alice applies (at her qubit) one of the operations 1,X ,Z , iY .

Alice sends her qubit to Bob

Bob measures both qubits in the following basis. Depending
on the outcome he deduces the two classical bits that Alice
wanted to send
00 : |ψ〉 → |00〉+|11〉√

2
; 01 : |ψ〉 → |00〉−|11〉√

2

10 : |ψ〉 → |10〉+|01〉√
2

; 11 : |ψ〉 → |10〉−|01〉√
2
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Teleportation

Setting: Alice and Bob share a pair of entangled particles
|0〉A|0〉B+|1〉A|1〉B√

2

There is no quantum channel between them (i.e. no
quantum state can be physically sent)

They can classically communicate

Alice has an unknown state |ψ〉C = a |0〉C + b |1〉C (Alice
does NOT know a and b)

Task: Alice wants to send the state |ψ〉 to Bob

Definition: The following four states are called Bell states,
are entangled and form a basis for two qubits:
|Φ+〉 = 1√

2
(|00〉+ |11〉) ; |Φ−〉 = 1√

2
(|00〉 − |11〉)

|Ψ+〉 = 1√
2

(|01〉+ |10〉) ; |Ψ−〉 = 1√
2

(|01〉 − |10〉)
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Teleportation

The overall initial state (entangled pair plus unknown state) is
|Φ+〉AB |ψ〉C , where qubits A and C are in Alice’s lab, while
qubit B in Bob’s.

Alice measures her two qubits in the Bell basis
{|Φ+〉AC , |Φ−〉AC , |Ψ+〉AC , |Ψ−〉AC}
Note: The following identities hold
|00〉 = 1√

2
(|Φ+〉+ |Φ−〉) ; |01〉 = 1√

2
(|Ψ+〉+ |Ψ−〉)

|10〉 = 1√
2

(|Ψ+〉 − |Ψ−〉) ; |11〉 = 1√
2

(|Φ+〉 − |Φ−〉)
The state (before the Bell measurement) can be written as:
|Φ+〉AB |ψ〉C =
1/2[|Φ+〉AC (a |0〉B + b |1〉B) + |Φ−〉AC (a |0〉B − b |1〉B)+
+ |Ψ+〉AC (a |1〉B + b |0〉B) + |Ψ−〉AC (−a |1〉B + b |0〉B)]
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Teleportation

Alice by making a Bell measurement, she gets as outcome one
of the four states and collapses the state to one of the four
terms in the previous expression (brown)

Depending on the outcome, Alice sends to Bob using a
classical channel a “correction” to make:

|Φ+〉AC → 1B ; |Φ−〉AC → ZB =

[
1 0
0 −1

]
|Ψ+〉AC → XB =

[
0 1
1 0

]
; |Ψ−〉AC → −(ZX )B =

[
0 −1
1 0

]
Bob in all four cases ends up with the state |ψ〉B completing
the teleportation

Note: To complete the teleportation, some corrections are
needed which Alice communicates classically to Bob.
Otherwise she could “signal” faster than the speed of light!
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Teleportation

Pictorially:
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EPR and Locality

In 1935, Einstein, Podolsky and Rosen gave a strong
argument why QM are one of the two:

1 non-local
2 deterministic

QM can be deterministic only if the quantum state |ψ〉 is not
the complete description (pure quantum states lead to
probabilistic outcomes)

In that case, the complete description is given by the quantum
state supplemented with some hidden variables.

EPR could not accept non-local influences and concluded that
QM is incomplete

Non-local influence: something that happens in one place can
have instantaneous effect to some place arbitrarily far away
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EPR and Locality

It is difficult to even do science, if in order to predict things in
one place, our predictions depend on things or measurements
that happen arbitrarily far away

Such non-local influences are in striking conflict with the
spirit of relativity theory that has a strict bound on the
speed that any interaction or influence can travel (speed of
light)

Note: Non-local influence is NOT the same as signalling
faster than the speed of light (or instantaneously). i.e.
non-local influence does not mean that information can
travel faster than the speed of light.
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The EPR argument

1 Assume a pair of particles, A and B that are in the joint
quantum state |ψ〉 = |00〉+|11〉√

2
(entangled)

2 Assume that particle A is kept in Alice’s lab, while particle B
is sent to another galaxy to Bob.

3 If Bob measures his particle, he has p = 1/2 to find state |0〉
and p = 1/2 to find state |1〉.

4 However, if Alice measures her particle first, and say she gets
the outcome |0〉A, then Bob with 100% obtains the outcome
|0〉B .
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The EPR argument

Therefore on of the two happens:

1 The measurement of Alice instantaneously influenced the state
of Bob’s particle, which is what Einstein called “spooky
action at a distance”

2 The outcome of the measurement was predetermined. This
means that the description given by the quantum state, was
NOT complete, because we were lead to believe (step 3) that
the outcome of the measurement was not determined

Einstein, Podolsky, Rosen (1935)

“If, without in any way disturbing a system, we can predict with
certainty (i.e., with probability equal to unity) the value of a
physical quantity, then there exists an element of physical reality
corresponding to this physical quantity”

The outcome of Bob’s particle, if it has unity probability, is
“an element of physical reality”
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EPR, determinism and locality

It is true that Einstein used this argument in favour of
determinism and thus his famous quote:
“God does not play dice with the universe”

However, he was lead to this conclusion (QM incompleteness)
not because of his deep belief in determinism, but because of
his deep belief in locality.
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Bell’s Inequalities

John Bell in 1964 derived some inequalities that allowed the
ideas expressed by EPR to be tested experimentally

Bell provided inequalities that any local hidden variables
theory should obey

In the same time QM violate these inequalities

Experiments confirmed QM (up to some “loopholes”, and
only last year there was an experiment that closes all the
loopholes) with first conclusive experiment of Aspect 1982
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Bell’s Inequalities

Local hidden variables theories are ruled-out by experiments
Locality + Determinism → impossible

As Bell noted:

1 EPR argument: In QM Locality → Determinism (hidden
variables)

2 Bell Ineq + Aspect exper: In QM Locality 6→ Determinism

QM is non-local

Note: QM is non-local according to Einstein/Bell definition.
Weaker notions of locality are still possible (e.g.
non-signalling)
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Bell Inequalities

Typical misconceptions:

1 “Bell’s theorem rules-out hidden variables”

It only rules-out local hidden variables
e.g. de Broglie-Bohm theory is a non-local hidden variables
theory fully compatible with the predictions of QM

2 “Bell’s argument rules-out either locality or hidden variables”
Therefore: “Locality can be retained by dropping
determinism/hidden-variables”
This is NOT the case (see EPR argument)
“The Fallacy of the unnecessary adjective”
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Bell’s Inequalities: Derivation

Clauser, Horne, Shimony and Holt (CHSH) in 1969 proved a
similar (and simpler) “Bell” inequality (which we will see)

Two parties (Alice, Bob), each of them can choose one of two
possible measurements, Alice x = {0, 1} and Bob y = {0, 1}
and each measurement can take two values ax = {1,−1} and
by = {1,−1}
We have 4-different probability distributions (one for each
different choice of measurement settings)
P00(a, b),P01(a, b),P10(a, b),P11(a, b)
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Bell’s Inequalities: Derivation

We define the correlator to be (expresses the correlation
between the outcomes of different variables)
Exy =

∑
ab abPxy (ab)

e.g.
E01 = P01(1, 1) + (−1)P01(1,−1) + (−1)P01(−1, 1) + (−1)(−1)P01(−1,−1)

We can easily see that |Exy | ≤ 1
We define the quantity S :

S = E00 − E01 + E10 + E11

If there exists a local hidden variables model, we obtain the
inequality

−2 ≤ S ≤ 2

The assumption of local hidden-variables is given by:

Exy =

∫
A(x , λ)B(y , λ)ρ(λ)dλ
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In QM, if Alice and Bob share the state
|Φ+〉 = 1√

2
(|↑↑〉+ |↓↓〉)

and measure in suitable local bases, they obtain S = 2
√

2 > 2!

See tutorial for details on the derivation and maximal violation

Petros Wallden Lecture 4: Entanglement, Non-locality & Bell’s inequalities


