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Single Qubit Gates

o For a single classical bit there is only one non-trivial gate:
NOT: takes0 — 1land 1 —0,ie. ma=ad1
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o For a single classical bit there is only one non-trivial gate:
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@ For qubits all unitary operators are allowed gates

Even for single qubit, there exist infinite different gates
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Single Qubit Gates

o For a single classical bit there is only one non-trivial gate:
NOT: takes0 — 1land 1 —0,ie. ma=ad1

@ For qubits all unitary operators are allowed gates
Even for single qubit, there exist infinite different gates
@ The quantum NOT-gate is the Pauli X:

N
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Single Qubit Gates

o For a single classical bit there is only one non-trivial gate:
NOT: takes0 — 1land 1 —0,ie. ma=ad1

@ For qubits all unitary operators are allowed gates
Even for single qubit, there exist infinite different gates
@ The quantum NOT-gate is the Pauli X:

01
=1
Acts as the NOT-gate to computational basis vectors:
0)—|1) and [1)—|0)
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Single Qubit Gates

o For a single classical bit there is only one non-trivial gate:
NOT: takes0 — 1land 1 —0,ie. ma=ad1

@ For qubits all unitary operators are allowed gates
Even for single qubit, there exist infinite different gates
@ The quantum NOT-gate is the Pauli X:

01
=1
Acts as the NOT-gate to computational basis vectors:

10)—|1) and |1)—|0)
For a general qubit: o |0) + 7 |1) —«a/|1) + 30)

1) a|1) + B0)
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Single Qubit Gates

@ We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).
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Single Qubit Gates

@ We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

o Pauli Y-gate:
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Single Qubit Gates

@ We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

v=0 %]

On computational basis vectors: |0)—/|1) and |1)——i|0).

o Pauli Y-gate:

Acting on a general state: o |0) + 7 |1)—ia|1) —i3|0)

al0) +3(1) ia|l) —if|0)
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Single Qubit Gates

@ We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

o Pauli Z-gate:
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Single Qubit Gates

@ We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

7=l 4

On computational basis vectors: |0)—|0) and

o Pauli Z-gate:

1)——11).
1)

1 al0)— 3

Acting on a general state: o |0) + J|1)—a|0) —

a|0) +

1)
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Single Qubit Gates

@ We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

7=l 4

On computational basis vectors: |0)—|0) and

o Pauli Z-gate:

1)——11).
1)

1 al0)— 3

Acting on a general state: o |0) + J|1)—a|0) —

a|0) +
Eg Z|+)=1[-)

1)
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Single Qubit Gates

@ We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

@ Hadamard H-gate:
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Single Qubit Gates

@ We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

@ Hadamard H-gate:

111 1
H=sl
On computatlonal basis vectors: [0)——= (\0) +11) and
—=L(0) - 1.

Acting on a general state:

al0) + B |1)—

alo)+ 81 —H—

((a+ 8)[0) + (a — B) 1))

75 ((a+8)[0) + (= B) 1))

Sl &F
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Single Qubit Gates

@ We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

@ Hadamard H-gate:

111 1
H=sl
On computatlonal basis vectors: [0)——= (\0) +11) and
—=L(0) - 1.

Acting on a general state:

a0y + B1)— \2((a+5)0>+(a—8)\1>)
al0) + B 1) L ((a+)[0) + (@ - B) 1))
= 1+)

Petros Wallden Lecture 6: Quantum Gates and the Circuit Model



Single Qubit Gates

o We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

1 0
Ry = [0 e"e}

@ Phase gate Ry-gate:
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Single Qubit Gates

o We give some gates. Using a suitable finite collection of gates
we can approximate all (see later).

1 0
Ry = [0 e"e}

On computational basis vectors: [0)—[0) and [1)—e’? |1).

@ Phase gate Ry-gate:

Acting on a general state:

a|0) + B [1)—=a|0) + e |1)

a|0) + B 1) a|0) + €3 1)

Petros Wallden Lecture 6: Quantum Gates and the Circuit Model



Single Qubit Gates

Some examples of phase gates Ry:
QR =27

Q Ripp= {(1) ﬂ Some authors call this gate as the phase gate
1 0 : .
Q Rip= 0 Lt This gate is also called the 7/8-gate

V2
Note: This is not a typo! Historically is called this way even
though it corresponds to 0 = /4 due to different conventions!
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Two Qubits Gates

Notation: “Control” gates are denoted as CU = AU
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Two Qubits Gates

Notation: “Control” gates are denoted as CU = AU
The first qubit acts as a control for the second qubit (target).

l.e. depending on the value of the first qubit we either do
nothing I to the second qubit, or we apply the (single qubit)
gate U to the second qubit
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Two Qubits Gates

Notation: “Control” gates are denoted as CU = AU
The first qubit acts as a control for the second qubit (target).

l.e. depending on the value of the first qubit we either do
nothing I to the second qubit, or we apply the (single qubit)
gate U to the second qubit

Solid dot, signifies control qubit
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Two Qubits Gates

@ The most important two-qubit gate is CNOT
(Controlled-NOT)

1 000
0100
AX = CNOT = 000 1
0 010
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Two Qubits Gates

@ The most important two-qubit gate is CNOT
(Controlled-NOT)

1 000
0100
AX = CNOT = 000 1
0 010

@ A general state:
al00) + b|01) + c|10) + d |11)—a|00) + b |01) + c |11) + d |10)

A) |A)
|B) |A® B)
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Two Qubits Gates

@ The most important two-qubit gate is CNOT
(Controlled-NOT)

1 000
0100
AX = CNOT = 000 1
0 010

@ A general state (alternative diagrammatic notation):
a|00) 4+ b|01) + c|10) + d |11)—a|00) + b|01) + c |11) + d |10)

A) ——— A)

B) —d—  |A®B)
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Two Qubits Gates

e Given U = [UOO UOI] the controlled U gate:
Uo Una
10 O 0
01 0 0
AU =CU = 0 0 Upo U
0 0 Upo Un
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Two Qubits Gates

e Given U = [UOO UOI] the controlled U gate:
Uo Una
10 O 0
01 0 0
AU =CU = 0 0 Upo U
0 0 Upo Un

@ A general state:
a|00) 4+ b|01) + c|10) + d |11)—a|00) + b|01) +
+11) U(c[0) +d[1))

|A) |A)
1B) uA(B)
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Two Qubits Gates

@ E.g. the controlled Z gate:

100 0
010 0
NM=02=10 01 o
000 -1
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Two Qubits Gates

@ E.g. the controlled Z gate:

1 00 O
010 O
N =CZ = 001 0
0 00 -1

@ A general state:
al00) + b|01) + c|10) + d |11)—a|00) + b |01) + c |10) — d|11)

|A) |A)
|B) ZA|B)

Petros Wallden Lecture 6: Quantum Gates and the Circuit Model




A Three Qubits Gate

@ The Toffoli gate: Has two control qubits that are left
unaffected, and a target qubit.

Notation: A A X.

Action: It acts as identity except when both controlled qubits
are |1) where we apply X to the target qubit:

A)[B) |C)—|4) |B) X |C) = |A) |B) | C & AB)
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A Three Qubits Gate

@ The Toffoli gate: Has two control qubits that are left

unaffected, and a target qubit.
Notation: A A X.

Action: It acts as identity except when both controlled qubits

are |1) where we apply X to th

e target qubit:

A)[B) |C)—|4) |B) X |C) = |A) |B) | C & AB)

|B) —

— A)

— 1B)

o) —x}— |C @ AB)
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Universal Set of Gates

@ Definition: A universal set of gates, is a collection of gates
such that all operations possible on a quantum computer can
be approximated by finite sequences of gates from the set.
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Universal Set of Gates

@ Definition: A universal set of gates, is a collection of gates
such that all operations possible on a quantum computer can
be approximated by finite sequences of gates from the set.
Note: Possible quantum gates are uncountable — impossible
to exactly reconstruct from countable sequences of gates of a
finite set
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Universal Set of Gates

@ Definition: A universal set of gates, is a collection of gates
such that all operations possible on a quantum computer can
be approximated by finite sequences of gates from the set.
Note: Possible quantum gates are uncountable — impossible
to exactly reconstruct from countable sequences of gates of a
finite set
Possible to obtain exactly all operations from an infinite set
of quantum gates
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Universal Set of Gates

@ Definition: A universal set of gates, is a collection of gates
such that all operations possible on a quantum computer can
be approximated by finite sequences of gates from the set.
Note: Possible quantum gates are uncountable — impossible
to exactly reconstruct from countable sequences of gates of a
finite set
Possible to obtain exactly all operations from an infinite set
of quantum gates

@ Exactly Universal Set: {AX, U}, where U all single qubit gates
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Universal Set of Gates

@ Definition: A universal set of gates, is a collection of gates
such that all operations possible on a quantum computer can
be approximated by finite sequences of gates from the set.

Note: Possible quantum gates are uncountable — impossible
to exactly reconstruct from countable sequences of gates of a
finite set

Possible to obtain exactly all operations from an infinite set
of quantum gates

@ Exactly Universal Set: {AX, U}, where U all single qubit gates

e Exactly Universal Set: {X, Ry, AX}, where we include all
angles 0
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Universal Set of Gates

@ Definition: A universal set of gates, is a collection of gates
such that all operations possible on a quantum computer can
be approximated by finite sequences of gates from the set.

Note: Possible quantum gates are uncountable — impossible
to exactly reconstruct from countable sequences of gates of a
finite set

Possible to obtain exactly all operations from an infinite set
of quantum gates

@ Exactly Universal Set: {AX, U}, where U all single qubit gates

e Exactly Universal Set: {X, Ry, AX}, where we include all
angles 0

o Approximate Universal Set: {H, R /4, CNOT }
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Universal Set of Gates

@ Definition: A universal set of gates, is a collection of gates
such that all operations possible on a quantum computer can
be approximated by finite sequences of gates from the set.

Note: Possible quantum gates are uncountable — impossible
to exactly reconstruct from countable sequences of gates of a
finite set

Possible to obtain exactly all operations from an infinite set
of quantum gates

@ Exactly Universal Set: {AX, U}, where U all single qubit gates

e Exactly Universal Set: {X, Ry, AX}, where we include all
angles 0

o Approximate Universal Set: {H, R /4, CNOT }

Question: Is the approximation efficient?
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Universal Set of Gates

@ Note: All quantum gates are reversible. Classical gates can
be irreversible (e.g. NAND: A, B — 1 & AB)
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Universal Set of Gates

@ Note: All quantum gates are reversible. Classical gates can
be irreversible (e.g. NAND: A, B — 1 & AB)

@ We can simulate irreversible gates using reversible gates and
ancilla qubits

Petros Wallden Lecture 6: Quantum Gates and the Circuit Model



Universal Set of Gates

@ Note: All quantum gates are reversible. Classical gates can

be irreversible (e.g. NAND: A,

B — 1 AB)

@ We can simulate irreversible gates using reversible gates and

ancilla qubits

Example 1: Quantum (reversible) NAND gate

[A) —

B) ——

—— A)

— 1B)

1) —{X}F— 1@ AB)

@ We use the Toffoli gate and on
reversible NAND.

e ancilla qubits to implement a

Input is the two controlled qubits and output the target qubit!
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Universal Set of Gates

o Example 2: Swap two qubits using CNOT gates

@) D

)

D a)
The state evolves in the circuit as
la, 5) = |la,a @ B) = |a® (ad p),
= [B,(a®B)® B) =|B8,)

3) —b

a

8)

lo) —¢—

) e o)

a®f)=8,a®p)
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No-cloning Theorem

No-cloning Theorem

It is impossible to copy an unknown quantum state
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No-cloning Theorem

No-cloning Theorem
It is impossible to copy an unknown quantum state

e Classically we can copy an (unknown) bit: CNOT(a0)=a a
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No-cloning Theorem

No-cloning Theorem
It is impossible to copy an unknown quantum state

e Classically we can copy an (unknown) bit: CNOT(a0)=a a
CNOT between unknown bit (control) and the 0 bit (target)
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No-cloning Theorem

No-cloning Theorem
It is impossible to copy an unknown quantum state

e Classically we can copy an (unknown) bit: CNOT(a0)=a a
CNOT between unknown bit (control) and the 0 bit (target)

@ Does not work in QM:
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No-cloning Theorem

No-cloning Theorem
It is impossible to copy an unknown quantum state

e Classically we can copy an (unknown) bit: CNOT(a0)=a a
CNOT between unknown bit (control) and the 0 bit (target)
@ Does not work in QM:
Unknown state [¢)) = a|0) + b|1)

AX 1) 0) = a|00) + b|11)
which is different than: [v) 1)
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No-cloning Theorem

No-cloning Theorem
It is impossible to copy an unknown quantum state

e Classically we can copy an (unknown) bit: CNOT(a0)=a a
CNOT between unknown bit (control) and the 0 bit (target)

@ Does not work in QM:
Unknown state [¢)) = a|0) + b|1)
AX 1) 0) = a|00) + b|11)
which is different than: [v) 1)

@ No-deleting Theroem: The “time-reversed” version proves
that it is impossible to delete a qubit using unitary gates.
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No-cloning Theorem (Proof)

Proof: By contradiction. Assume that we could copy:

@ Then there exists a unitary:
Uy |0) = |v) [y Y |¥)
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No-cloning Theorem (Proof)

Proof: By contradiction. Assume that we could copy:
@ Then there exists a unitary:

Ul)|0) = |¥) [v) Y [¢)
e Consider |1)1) , [1)2) where (1] 12) =a# 1 or 0

Petros Wallden Lecture 6: Quantum Gates and the Circuit Model



No-cloning Theorem (Proof)

Proof: By contradiction. Assume that we could copy:
@ Then there exists a unitary:
Uly)[0) = [) ) VY [4)
e Consider |1)1) , [1)2) where (1] 12) =a# 1 or 0
e Consider an ancilla initialised at |0), and then the inner
product between |1)1) @ [0) and [¢2) @ |0):

(1] ® ) () @ [0) = (nl ) (01O) =2 (1)
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No-cloning Theorem (Proof)

Proof: By contradiction. Assume that we could copy:
@ Then there exists a unitary:
Uly)|0) = |¥) |v) V )
Consider |1)1) , [1)2) where (1)1|1») =a+# 1 or 0
Consider an ancilla initialised at |0), and then the inner
product between |1)1) ©@ |0) and |¢2) @ |0):

(] @ (0))(Ih2) ©10)) = (1| 92) (0] 0) =a (1)

Inner products are invariant under any unitary:

(1] @ (O (12) @ 10)) = ((¥a] @ (ONUTU(|4h2) @ |0))
((Y1] @ (W1 ])([¥2) ® [102))
(1] 1) (1] 1h2) = @° (2)
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No-cloning Theorem (Proof)

Proof: By contradiction. Assume that we could copy:
@ Then there exists a unitary:
Uly)|0) = |¥) |v) V )
e Consider |1)1) , [1)2) where (1] 12) =a# 1 or 0
e Consider an ancilla initialised at |0), and then the inner
product between |1)1) ©@ |0) and |¢2) @ |0):

(] @ (0))(Ih2) ©10)) = (1| 92) (0] 0) =a (1)

@ Inner products are invariant under any unitary:

(1] @ (O (12) @ 10)) = ((¥a] @ (ONUTU(|4h2) @ |0))
((Y1] @ (W1 ])([¥2) ® [102))
= (1] 1p2) (| 2) = &° (2)

e From Eq. (1) and Eq. (2) we have a = a° possible only if
(101]12) = 1 or 0 reaching contradiction [
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Bell's states circuit

@ We define the Bell states to be:

|Bxy) = (D" ILyol)

7(|0 y)+
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Bell's states circuit

@ We define the Bell states to be:
1Bxy) = —=([0,y) + (1) |1,y & 1))
y) = \f( )+

|®T) = |Boo) = (\00> +11) V) = Bu) = (\01> +10))

%\
%\

[®7) = [br0) = (\00> 11)) 3 V7)) =1fu) = (\01> 10))

%\
%\
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Bell's states circuit

@ We define the Bell states to be:

Iﬁxy>*\7(|0 y)+(=1)"[1L,y®1))
\¢+>:\xﬁ%oo>:%(\oowum : \‘”+>:|501>:%(\01>+\10>)
e L ey — 180 — L op)
07) = IB10) = 5(100) — [11))  [¥7) = [8u) = —5(01) ~ [10))
@ The following circuit given input |xy) gives the corresponding
Bell state:
)
|Bxy)

Y) X
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Measuring in different bases

o Circuit of Bell states: Takes pair of qubits in computational
basis |xy) and maps them to Bell states |3, ).

@ “Rotates” basis: Any unitary U preserve inner products
(¥[¢) = (W UN)(U]¢))
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Measuring in different bases

o Circuit of Bell states: Takes pair of qubits in computational
basis |xy) and maps them to Bell states |3, ).

@ “Rotates” basis: Any unitary U preserve inner products
(¥l¢) = ({(¥| UN(U|9))
Therefore maps an orthonormal basis to another, e.g.
Bell circuit U = (AX)(H ® 1) takes {|00).|01),]10),|11)} to
{loF), [WF),|o7), W)}

Petros Wallden Lecture 6: Quantum Gates and the Circuit Model



Measuring in different bases

o Circuit of Bell states: Takes pair of qubits in computational
basis |xy) and maps them to Bell states |3, ).

@ “Rotates” basis: Any unitary U preserve inner products
(W] o) = ((¥| UT)(U|9))
Therefore maps an orthonormal basis to another, e.g.
Bell circuit U = (AX)(H ® 1) takes {|00).|01),]10),|11)} to
{|o7), [WF),[e7), W)}
@ Inverse of circuit: Rotates the basis back, e.g.
Ul = (H®1)(AX)

|ﬂxy>

1 X ly)

Petros Wallden Lecture 6: Quantum Gates and the Circuit Model



Measuring in different bases

@ Assume we have two bases {|b1). -+ ,|b,)} and
{le1), -+ .|cn)} and a unitary U where U|b;) = |c;)
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Measuring in different bases

@ Assume we have two bases {|b1). -+ ,|b,)} and
{le1), -+ .|cn)} and a unitary U where U|b;) = |c;)

@ Measuring a state [¢)) in the {|c;)}; basis is the same as
measuring the state U'|¢)) :=|o) in the brown {|b;)}; basis.
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Measuring in different bases

@ Assume we have two bases {|b1). -+ ,|b,)} and
{le1), -+ .|cn)} and a unitary U where U|b;) = |c;)

@ Measuring a state [¢)) in the {|c;)}; basis is the same as
measuring the state U'|¢)) :=|o) in the brown {|b;)}; basis.

puli) = (Wl &) (il ¥) =(6|U|by) (b1 Ut) = (6] by) (bi] &)
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Measuring in different bases

@ Assume we have two bases {|b1). -+ ,|b,)} and
{le1), -+ .|cn)} and a unitary U where U|b;) = |c;)

@ Measuring a state [¢)) in the {|c;)}; basis is the same as
measuring the state U'|¢)) :=|o) in the brown {|b;)}; basis.

W) =(|U|b;) (bi|UT|9p) = (@] bi) (bj| b)

/A

py(i) = (Y] ci) {ci

@ Instead of measuring in some random basis, we can rotate
the basis to the computational basis and then measure in
the computational basis
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Measuring in different bases

@ Assume we have two bases {|b1). -+ ,|b,)} and
{le1), -+ .|cn)} and a unitary U where U|b;) = |c;)

@ Measuring a state [¢)) in the {|c;)}; basis is the same as
measuring the state U'|¢)) :=|o) in the brown {|b;)}; basis.

W) =(|U|b;) (bi|UT|9p) = (@] bi) (bj| b)

/A

py(i) = (Y] ci) {ci

@ Instead of measuring in some random basis, we can rotate
the basis to the computational basis and then measure in
the computational basis

e Can simplify calculations (see next!)

@ Can assume that we only measure in the computational basis
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Teleportation (again!)

@ Alternative description: Alice instead of measuring in the
Bell basis, she applies the inverse of the Bell-states circuit
and then measure in the computational basis.

M;
W) ——— =
[ | M2

| Boo} | |

XJ\[Q H ZJ\[l '_ |17/)>
T T T T T
[Yo) [0 [v2)  |¢s) oy
Unknown state (to teleport): [¢/) = 2|0) + b 1)
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Teleportation

Steps:

® [tho) = [v) [Boo) = 5 [2]0) (|00) +[11)) + b|1) (|00) + [11))]
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Teleportation

Steps:
® [tho) = [v) [Boo) = 5 [2]0) (|00) +[11)) + b|1) (|00) + [11))]
o [¢1) = 75 [al0) (|00) + [11)) + b|1) (|10) + |01))]
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Teleportation

Steps:
® [tho) = [v) [Boo) = 5 [2]0) (|00) +[11)) + b|1) (|00) + [11))]
° [U1) = f[a\0>(\00>+!11>)+b\1>(\10>+!01>)1
® [¢2) = 5 [a(|0) + [1))(|00) + [11)) + b(]0) — [1))(|20) +[01))]
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Teleportation

Steps:
® [tho) = [v) [Boo) = 5 [2]0) (|00) +[11)) + b|1) (|00) + [11))]
® [ih1) = f[a\0>(\00>+!11>)+b\1>(\10>+!01>)1

® [¢2) = 3 [a(|0) +]1))(|00) + [11)) + b(|0) — [1))(|10) + [01))]
Re-written:

[42) = 3 [[00) (a]0) + b 1)) +101) (b]0) + a[1))+
+110) (a[0) — b[1)) + [11) (=b[0) + a|1))]
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Teleportation

Steps:
® [tho) = [v) [Boo) = 5 [2]0) (|00) +[11)) + b|1) (|00) + [11))]
° [U1) = f[a\0>(\00>+!11>)+b\1>(\10>+!01>)]
® 1) = 3 [a(|0) + [1))(]00) +[11)) + b(|0) — [1))(]10) + |01))]
Re-written:
[42) = 3[100) (a[0) + b[1)) +101) (b[0) + a[1))+
+110) (a[0) — b[1)) + [11) (=5 |0) + a[1))]
@ Alice measures her two qubits in computational basis
{|00), |01),[10),[11)}.
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Teleportation

@ Bob has now a state “similar” to the unknown state |¢), that
depends on Alice’'s outcome:
00 — a|0) + b|1); 01 — b|0) + all)
10 » al0) — b|1); 11— —b|0) + a|l)
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Teleportation

@ Bob has now a state “similar” to the unknown state |¢), that
depends on Alice’'s outcome:
00 — al0) + b|1); 01— b|0)+all)
10 —» al0) — b|1); 11— —bH|0) + a|l)
@ In other words the state is:
|1h3) = [MyMa) XM ZMr )
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Teleportation

@ Bob has now a state “similar” to the unknown state |¢), that
depends on Alice’'s outcome:
00 — al0) + b|1); 01— b|0)+all)
10 —» al0) — b|1); 11— —bH|0) + a|l)
@ In other words the state is:
|1h3) = [MyMa) XM ZMr )

@ Alice sends her classical outcomes M;, M> to Bob
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Teleportation

@ Bob has now a state “similar” to the unknown state |¢), that
depends on Alice’'s outcome:
00 — al0) + b|1); 01 — b|0) + a]1)
10 —» al0) — b|1); 11— —bH|0) + a|l)

@ In other words the state is:
[93) = [MyMp) XM ZM o))

@ Alice sends her classical outcomes M;, M> to Bob

o Bob applies the (controlled) operation ZM XM to his qubit
and obtains:
¥4 =)
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