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Search Algorithms

@ Searching (e.g. a name in a catalogue) is an important task
with many applications

o Classical algorithms are not efficient, they require O(NV)
queries in a database of size N = 2"

o Quantum algorithms do better O(v/N)

@ Quantum offers a quadratic speed-up. This is the optimal
that quantum algorithms can achieve.

@ It is practically important but much more moderate than an
exponential speed-up (e.g. Shor's algorithm).
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Grover's Algorithm: General

@ We assume that if we are given a solution to the search, we
can recognise the solution (typical in database search)

@ Modelled with a quantum oracle that identifies the solution

@ The “cost” is the number of queries to the oracle
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Grover's Algorithm: General

@ We assume that if we are given a solution to the search, we
can recognise the solution (typical in database search)

@ Modelled with a quantum oracle that identifies the solution
@ The “cost” is the number of queries to the oracle
The method:

@ Start with an equal superposition of all database elements

@ Perform a subroutine (Grover's iteration) that amplifies the
amplitude of the database element that constitutes the
solution to the search

© Repeat sufficient times so that the amplitude of the solution is
close to unity

© Measure in the computational basis and obtain the answer to
the search
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Grover's Algorithm: General

@ We assume that if we are given a solution to the search, we
can recognise the solution (typical in database search)

@ Modelled with a quantum oracle that identifies the solution
@ The “cost” is the number of queries to the oracle

The method:

@ Start with an equal superposition of all database elements

@ Perform a subroutine (Grover's iteration) that amplifies the
amplitude of the database element that constitutes the
solution to the search

© Repeat sufficient times so that the amplitude of the solution is
close to unity

© Measure in the computational basis and obtain the answer to
the search

The algorithm can be generalised and is known as amplitude
amplification
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The Oracle

o We define the function f : {0,1}" — {0,1} where
f(x) = 1 iff x is the solution.

o The corresponding quantum oracle Or acts (unitarily):
O |x) la) = [x) [q ® f(x))
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The Oracle

o We define the function f : {0,1}" — {0,1} where
f(x) = 1 iff x is the solution.

@ The corresponding quantum oracle Or acts (unitarily):
Or [x) a) = [x) lg ® f(x))

e With the following circuit, the net result is that we multiply
the input state with (—1)") i.e. alter the overall sign only
for the solution sought.

|x) i A (—1)f) |x)
Or
1) —H] H] 1)

where we used
F(f(x) = 1@ f(x))) = (~1)" ™ (o) —[1))

Petros Wallden Lecture 8: Quantum Algorithms II: Grover



The Oracle

o We define the function f : {0,1}" — {0,1} where
f(x) = 1 iff x is the solution.

@ The corresponding quantum oracle Oy acts (unitarily):
Or [x) a) = [x) lg ® f(x))

e With the following circuit, the net result is that we multiply
the input state with (—1)") i.e. alter the overall sign only
for the solution sought.

) ——" (~1)%) |x)
Or
1) —{H] H] )

where we used
F(f(x) = 1@ f(x))) = (~1)" ™ (o) —[1))

@ We can ignore the ancilla qubit eind thus from here on, we
replace the action of the oracle Of with the circuit above.
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A naive attempt

@ We can easily (with n- gates) generate a superposition of all
inputs |1g) 1= \FZ X)

@ By applying the oracle we can “mark’” the solution with a
minus sign [1)1) = \F Z ( 1)) |x)
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A naive attempt

@ We can easily (with n- gates) generate a superposition of all
inputs |1g) 1= \FZ X)

@ By applying the oracle we can “mark’” the solution with a
minus sign [1)1) = \F Z ( 1)) |x)

@ Can we use/extract this information?
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A naive attempt

We can easily (with n- gates) generate a superposition of all
inputs |1g) 1= \FZ X)

By applying the oracle we can “mark” the solution with a
minus sign [¢1) = \F Z 5 (=1) ™) |x)
Can we use/extract this information?

The overlap of either [1) ,|¢1) with any computational state
(including the solution), is negligible
/) — 1
[ {ylvo)| = | (vl )] = &
i.e. obtaining any single result is (highly) unlikely

The overlap (1] 11) = % = 1 —2/N which is negligibly
close to unity

i.e. we should not be able to distinguish the two states but
with negligible probability
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A naive attempt

@ We can easily (with n- gates) generate a superposition of all
inputs |1g) 1= \FZ X)
@ By applying the oracle we can “mark’” the solution with a

dr) = L SN 1) 0 |x)

@ Can we use/extract this information?

minus sign |1

@ The overlap of either [¢y) , |1)1) with any computational state
(including the solution), is negligible
/) — 1
[ {ylvo)| = | (vl )] = &
i.e. obtaining any single result is (highly) unlikely

@ The overlap (Y| 1) = % = 1 —2/N which is negligibly
close to unity
i.e. we should not be able to distinguish the two states but
with negligible probability

@ Need to do smarter attempt: lterate process to amplify the
amplitude of the solution
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Geometric Properties

@ The operator I\?Id) = 21¢) (¢| — 1 reflects any state [¢))
around the state |¢)? :

A lv) = 3’¢>+b\(§>,where (p|¢) =0
Mylv) = al¢)—blg)

®For known |¢) it can be efficiently constructed from AX-gates
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Geometric Properties

@ The operator I\?Id) = 21¢) (¢| — 1 reflects any state [¢))
around the state |¢)? :

A lv) = 3’¢>+b\(§>,where (p|¢) =0
Mylv) = al¢)—blg)

o Let /3 be the solution f(/3) = 1. The action of the Oracle O¢
on a state |¢/) geometrically also correspond to a reflection
around the state |[3).

|v) = a|B)+ b|B), where (5|3) =0
Or [4) —a|B) + b|B)

®For known |¢) it can be efficiently constructed from AX-gates
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Grover's lteration

H®M || Mo :=2[0){(0[ -1 | | H®"
_ | Oracle: |x) = (=1) ™) |x) |_| - L L
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Grover's lteration

Hen Mo :=2[0) (0] —1| | H®"
_ | Oracle: |x) = (=1) ™) |x) |_| - L L

@ Apply the oracle Oy (including the H at the ancilla qubit)
@ Apply H to the n-qubits

@ Reflect around the |0) state by applying Mo := 2(0) (0| — 1
Q Apply H to the n-qubits
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Grover's lteration

Hen Mo :=2[0) (0] —1| | H®"
Oracle : |x) — (—1)’{(") [x) ] L L

@ Apply the oracle Oy (including the H at the ancilla qubit)
@ Apply H to the n-qubits

@ Reflect around the |0) state by applying Mo := 2(0) (0| — 1
Q Apply H to the n-qubits

Note that H®" Mg H®" = M+n where |+") := \f Z |x>
& = W,,0r = (247) (+7] ~ 1)0



Grover's lteration: Geometrically

|8)

Notation: State |/3) is the solution, state |1)1) = |+"), state
|3) is in the same plane and (3| 3) = 0, and

[Yks1) = Mo Of |1hy)

Each iteration consists of two successive reflections:
(1) around |3) and (2) around [¢1)
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Grover's lteration: Geometrically

|8)

|41)
|18)
O |11)

Notation: State |53) is the solution, state |1)1) = |+"), state
|3) is in the same plane and (3| 3) = 0, and

[Wri1) = MynOr |9or)

Each iteration consists of two successive reflections:

( 3) and (2) around |¢;)
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Grover's lteration: Geometrically

|8)

|41)
|18)
O |11)

Notation: State |53) is the solution, state |1)1) = |+"), state
|3) is in the same plane and (3| 3) = 0, and

[Wri1) = MynOr |9or)

Each iteration consists of two successive reflections:

( 3) and (2) around |¢;)
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Grover's lteration: Geometrically

13)
|12)

0 |91)
18)
éf "L,‘]_>

Notation: State |53) is the solution, state |1)1) = |+"), state
|3) is in the same plane and (3| 3) = 0, and

[Pri1) = MynOr |9k

Each iteration consists of two successive reflections:

(1) around |3) and (2) around [¢1)
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Grover's lteration: Geometrically

13)
|12)

0 |91)
18)
éf "L,‘]_>

Notation: State |53) is the solution, state |1)1) = |+"), state
|3) is in the same plane and (3| 3) = 0, and

[Pri1) = MynOr |9k

Each iteration consists of two successive reflections:

(1) around |3) and (2) around [¢1)
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Grover's lteration: Geometrically

18)
[12)

20 |¢1>
18)
éf "L,‘]_>

Or |2)

Notation: State |53) is the solution, state |1)1) = |+"), state
|3) is in the same plane and (3| 3) = 0, and

[Yks1) = Mo Of |1hy)

Each iteratlop consists of two successive reflections:
(1) around |/3) and (2) around |¢1)
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Grover's lteration: Geometrically

18)
[12)

20 |¢1>
18)
éf "L,‘]_>

Or |2)

Notation: State |53) is the solution, state |1)1) = |+"), state
|3) is in the same plane and (3| 3) = 0, and

[Yks1) = Mo Of |1hy)

Each iteratlop consists of two successive reflections:
(1) around |/3) and (2) around |¢1)
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Grover's lteration: Geometrically

16) Japs)

Notation: State |53) is the solution, state |1)1) = |+"), state
|3) is in the same plane and (3| 3) = 0, and

k1) = Mo Of |1hy)

Each iteratlop consists of two successive reflections:
(1) around |/3) and (2) around |¢1)
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Gover's lteration: Geometrically

@ The angle between |/3) and |¢;) is: (2k —1)0

@ To evaluate ) note that: sinf = (3| 11) = \/127 and for

sufficient large n we have 0 ~ ﬁ which is very small!

@ The starting state (equal superposition) is almost orthogonal
to the solution

@ We need k = O(2"/?) iterations to reach a number O(1),
since the angle scales as 2kfl. Then we can obtain total angle
~ /2 and can get with high probability the solution.
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Grover's Algorithm

O(vN)
o1+ A
o— HHF
o " H H - A
o) —| L 1GL 16 |G
v L —
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Grover's Algorithm

O(VN)
o = o A
o— HH = -
o =" H
0) — L 1GL 16 |G
n — — — —

© Apply H to the n-qubits to create equal superposition |+")

@ Apply the Grover operator G to amplify the amplitude of the
solution

© Repeat O(v/N) times
© Measure the n-qubits in the computational basis
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Grover's Algorithm

@ We need one call to the oracle per Grover iteration, i.e.
O(V/'N) queries

@ We can generalise for M solutions to the search problem, with
O(\/N/M) queries

@ For the algorithm to succeed need to know how many
iterations are required (performing more iterations will
eventually decrease the probability of success)

@ If the number of solutions is unknown, there is an algorithm
(quantum counting) that efficiently determines the number
of solutions
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An Example

e Two qubits (n = 2), with solution f(01) =1
@ A single Grover iteration suffices

o Classical search needs 2.25 queries on average
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An Example

e Two qubits (n = 2), with solution f(01) =1
@ A single Grover iteration suffices

o Classical search needs 2.25 queries on average

Following the steps of Grover's iteration:
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An Example

e Two qubits (n = 2), with solution f(01) =1
@ A single Grover iteration suffices

o Classical search needs 2.25 queries on average

Following the steps of Grover's iteration:
© Obtain [42) = 1/2(]00) 4 [01) + |10) + [11))
@ The oracle marks the solution: 1/2(]00) — |01) + |10) + |11))
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An Example

e Two qubits (n = 2), with solution f(01) =1
@ A single Grover iteration suffices

o Classical search needs 2.25 queries on average

Following the steps of Grover's iteration:

© Obtain [42) = 1/2(]00) 4 [01) + |10) + [11))
@ The oracle marks the solution: 1/2(]00) — |01) + |10) + |11))
@ Applying H gives: 1/2(|00) + |01) — [10) + |11))
@ Applying My = 2]00) (00| — 1 gives:
1/2(]00) — [01) +[10) — [11))
© Applying H again gives: |01)
@ Measuring in the computational basis returns (always) 01

which is the solution to the search
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An Example

e Two qubits (n = 2), with solution f(01) =1
@ A single Grover iteration suffices
o Classical search needs 2.25 queries on average

Steps of Grover's iteration (Alternative Method):
@ Obtain |[4+2) = |¢ho) = 1/2(]00) + [01) + |10) + |11))
@ The oracle marks the solution:

[¢1) == 1/2(|00) — |01) + |10) + [11))
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An Example

e Two qubits (n = 2), with solution f(01) =1
@ A single Grover iteration suffices
o Classical search needs 2.25 queries on average

Steps of Grover's iteration (Alternative Method):
© Obtain [+2) = [¢o) = 1/2(|00) + [01) + |10) + |11))
@ The oracle marks the solution:

[¢1) == 1/2(|00) — |01) + |10) + [11))

@ Note that (¢1]| 1) = 1/2 and thus we can rewrite:
1) = 1/2(1/2(]00) + [01) + [10) + [11))) +
1/4(]00) — 3|01) + |10) + |11))

@ Now M,2 [¢1):
1/2(1/2(]00) 4 |01) + |10) + [11))) —
1/4(|00) —3|01) + [10) + [11)) = |01)
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An Example

e Two qubits (n = 2), with solution f(01) =1
@ A single Grover iteration suffices
o Classical search needs 2.25 queries on average

Steps of Grover's iteration (Alternative Method):

@ Obtain [+2) = [¢ho) = 1/2(|00) + [01) + [10) + |11))

@ The oracle marks the solution:
|¢h1) := 1/2(|00) — |01) + [10) + [11))

@ Note that (¢1]| 1) = 1/2 and thus we can rewrite:
1) = 1/2(1/2(]00) + [01) + |10) + [11))) +
1/4(|00) — 3|01) + |10) + |11))

@ Now M,2 [¢1):
1/2(1/2(|00) + |01) + |10) + |11))) —

1/4(]00) —3|01) + |10) + |11)) = |01)

@ Measuring in the computational basis returns (always) 01

which is the solution to the search
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